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Résumé : Les systemes dinformation mo-
dernes générent en continu de vastes volumes
de données d'événements, qui offrent un en-
registrement détaillé de la maniére dont les
processus sont exécutés en pratique. Exploi-
ter ces données est essentiel pour comprendre
le comportement des systémes et étayer des
améliorations fondées sur les données. Le mi-
nage de processus s'appuie sur cette idée en
dérivant des modeéles de processus a partir
de journaux d'événements, c'est-a-dire des col-
lections structurées d’événements ou chacun
consigne I'exécution d'une activité au sein d'une
instance de processus. Alors que les techniques
classiques de découverte se concentrent sur la
perspective du flux de contrdle, soit les rela-
tions d'ordre et de branchement entre activi-
tés, elles négligent généralement la dimension
stochastique des processus, a savoir la proba-
bilité avec laquelle différents comportements
se produisent. Cet aspect probabiliste est pour-
tant crucial pour l'analyse de performance,
le suivi prédictif et 'aide a la décision. Cette
thése aborde le probléme de la découverte de
processus stochastiques, qui vise a construire
des modéles reproduisant a la fois les rela-
tions structurelles entre activités et la distri-
bution de probabilité sur les traces observées.
Dans cette optique, nous développons des mé-
thodes nouvelles selon deux axes complémen-

taires : l'estimation fondée sur l'optimisation
et l'inférence statistique. Premiérement, nous
introduisons une procédure de dépliage pilo-
tée par le journal permettant le calcul exact du
langage stochastique des réseaux de Petri sto-
chastiques. Cette procédure sert de fondement
a un cadre d'optimisation s'appuyant sur des
mesures info-théoriques et basées sur des dis-
tances afin d'aligner les modéles sur les dis-
tributions issues des journaux d'événements.
Deuxiémement, nous proposons une approche
d'inférence fondée sur le calcul bayésien ap-
proximatif, qui estime les paramétres de pro-
babilité par échantillonnage et simulation ité-
ratifs. Enfin, nous définissons le formalisme
des arbres de processus stochastiques, alliant
I'interprétabilité des arbres de processus a des
sémantiques stochastiques, et proposons des
algorithmes pour leur découverte. Des expé-
riences approfondies sur des journaux réels is-
sus des défis Business Process Intelligence (BPI
Challenges) et sur des journaux synthétiques
mettent en évidence l'efficacité et la scalabilité
des approches proposées. Cette these pose les
bases d'un cadre reproductible pour la décou-
verte et l'analyse des comportements proba-
bilistes dans les processus métier, permettant
ainsi une analyse, une prédiction et une aide a
la décision plus précises.
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Abstract: Modern information systems contin-
uously generate vast amounts of event data,
which provide a detailed record of how pro-
cesses are executed in practice. Leveraging
such data is essential to gain insights into
system behaviour and to support evidence-
based improvements. Process mining builds
on this idea by deriving process models from
event logs, that is, structured collections of
events where each event records the execu-
tion of an activity within a process instance.
While traditional discovery techniques focus
on the control-flow perspective, the order-
ing and branching relations between activi-
ties, they usually neglect the stochastic dimen-
sion of processes, which concerns the likeli-
hood with which different behaviours occur.
This probabilistic aspect is, however, crucial for
performance analysis, predictive monitoring,
and decision support. This thesis addresses
the problem of stochastic process discovery,
which aims to construct models that reproduce
both the structural relations among activities
and the probability distribution over observed
traces. Building upon this objective, we develop
novel methods along two complementary di-

rections: optimisation-based estimation and
statistical inference. First, we introduce a log-
driven unfolding procedure that enables the
exact computation of the stochastic language
of stochastic workflow nets, which serves as
the foundation for an optimisation framework
leveraging information-theoretic and distance-
based measures to align models with event
log distributions. Second, we propose an in-
ference approach grounded in approximate
Bayesian computation, which estimates prob-
ability parameters through iterative sampling
and simulation. Finally, we define the formal-
ism of stochastic process trees, combining the
interpretability of process trees with stochas-
tic semantics, and provide algorithms for their
discovery. Extensive experiments on real-life
event logs from the Business Process Intelli-
gence challenges and on synthetic benchmarks
demonstrate the effectiveness and scalability
of the proposed approaches. This thesis lays
the foundations of a reproducible framework
for discovering and analysing probabilistic be-
haviours in business processes, thereby en-
abling more accurate analysis, prediction, and
decision support.
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Chapter 1

Introduction

Over time, data has become an increasingly central component of our daily lives,
helping shape how we understand, analyse, and improve complex systems. Every
event, whether triggered by a deliberate interaction or occurring spontaneously,
tells a fragment of a story that can be pieced together and reveals the underlying
dynamics of the systems we observe. Reconstructing and analysing these stories
is at the heart of modern data-driven science. Process mining [74] is a research
field that aims to extract meaningful knowledge from those fragments. It provides
methods to collect and structure information, recognise patterns of behaviour, and
ultimately build concise and interpretable models that capture the essential char-
acteristics of a process as a whole. From this representation, we can utilise past
experiences to predict and improve the future of these systems.

Beyond the structural description of processes, a more subtle and increasingly
important challenge of process mining lies in leveraging the stochastic informa-
tion naturally embedded in data [48]. This probabilistic information reflects the
likelihood of observing certain behaviours as the system operates. When correctly
modelled, it unveils an entirely new dimension of analysis and can significantly in-
fluence the insights drawn by process analysts and domain experts. While the use
of stochastic models in process mining is not new, the development of efficient
stochastic process discovery approaches capable of issuing models that adequately
reproduce the stochastic character of the considered log remains, at this time, a rel-
atively young research branch. It recently gained interest from the community and
is being identified as a key research challenge [3]. The difficulty with the discovery
of a stochastic process is that the resulting models shall not only be able to repro-
duce the observed executions (meaning the ordering with which observed events
have occurred) but also the likelihood with which they have been observed. Since
several probabilistic parameters characterise stochastic process models (and affect
the likelihood of the executions they generate), the discovery of a stochastic process
entails, among other things, determining the optimal values of these parameters



with respect to a given stochastic conformance criterion. This thesis addresses the
problem of extracting a stochastic model that optimally reproduces the stochastic
character of the considered systems.

This introductory chapter begins with a detailed presentation of the objectives
and scope of process mining, as well as a more thorough introduction to the for-
malism of processes. We then introduce the problem of discovering stochastic pro-
cesses, outlining the aims of this thesis and summarising the goals and contribu-
tions of each chapter.

1.1 Processes and Process Mining

A business process [44] comprises activities that aim to achieve a specific or-
ganisational goal. Understanding business processes is crucial for organisations in
several respects: first, to obtain a formal description of processes that are often un-
documented, and second, to use the resulting process model to monitor, analyse,
and ultimately improve the process under study.

Enhancement(- )
'. Process Verification

Organisation : L )
discovery Pr s If )

0ces Performance analysis
System model L J
e 0

System optimisation
Conformance - ")

checking

Figure 1.1 - An overview of process mining

At the core of process mining lies the event log, which provides the raw obser-
vational data describing how processes unfold and interact within real-world sys-
tems. Transforming these logs into meaningful representations that support under-
standing, diagnosis, and improvement requires rigorous and well-defined method-
ologies. Process mining addresses this challenge by exploiting those collections
of events to uncover the underlying structure and behaviour of the business pro-
cesses. Process mining techniques are typically classified into three main cate-
gories [2]:

* Process Discovery, where a process model is automatically generated from an
event log without relying on any prior model;

+ Conformance checking, which compares an event log with an existing process
model to assess whether the observed behaviour fits the model or deviates
fromit. It provides diagnostics that identify non-conforming behaviours or ac-
tivities and may quantify the level of similarity between the log and the model
in terms of multiple metrics, such as fitness or precision [24, 4].
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* Enhancement, that seeks to refine or extend an existing process model by
incorporating additional perspectives extracted from the log. This includes
enriching the model with performance indicators (e.g., bottlenecks, waiting
times) or resource information and improving its descriptive and predictive

quality [75, 74].

As illustrated in Figure 1.1, all these components interact with one another to build
the most accurate and insightful model possible. Models can then be exploited
in several domains to perform verification, performance analysis, or to serve as
a foundation for system optimisation in collaboration with domain experts. For
instance, such models can be used in healthcare to optimise patient care pathways,
in manufacturing to streamline production processes, in finance to detect fraud and
improve transaction handling, or in telecommunications to analyse and enhance
customer service processes.

1.1.1 Event logs: a fundamental unit for capturing infor-
mation in business processes

In practice, an event log [/4] is represented as a collection of events, where each
event captures an interaction between the system and its environment, typically
specifying the activity performed, its timestamp, the resource involved, and addi-
tional contextual information. The environment may include both human actors
(e.g., employees handling cases, patients undergoing procedures) and automated
components such as sensors, machines, or software services. What is interesting
when it comes to discovering, evaluating and enhancing the process described by
an event log is to consider the subsequent observed executions of the process as
a collection of traces, each trace being a sequence of timestamped events that de-
scribe the evolution of a single case. Since the same sequence of activities can occur
in multiple cases, an event log may contain several instances of identical traces. The
resulting trace frequency quantifies how often each unique sequence of actions is
observed, thereby reflecting the likelihood of the corresponding behaviour within
the process. The set of traces, together with their frequencies, constitutes a lan-
guage that describes the behaviour recorded in the event log. In the same spirit,
by normalising the trace frequencies, we obtain an empirical likelihood distribution
over traces, which gives rise to a stochastic language.

For example, consider an artificial event log that describes the flow of patients
through various hospital services over a single day. Table 1.1 provides an excerpt
of this log, consisting of 18 individual events, one per line. In this scenario, each
case corresponds to a patient and records the procedures they underwent. The first
event describes an analysis performed in the haematology service, possibly a blood
test, by Dr Lefevre on patient LP4721, on July 28th, 2025, at 11:20. By exploring the
entire log, we can extract every unique sequence of activities and associate each
one with the number of times a particular case executed it. Table 1.2 presents the
complete list of sequences in the log and their respective frequencies. For example,
if we consider the first sequence, we observe that, on that day, 30 patients followed
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exactly this series of activities within the hospital. Empirically, the likelihood of this
trace is 0.3, given that it occurs in 30 out of the 100 cases recorded in the log.

Event Case Activity Timestamp Service Professional

1 LP4721 Analysis 28/07/202511:20 Hematology Dr.Lefevre

2 HV5689 Registration 28/07/2025 11:28 Emergency Dr.Morel

3 HV6732 Registration 28/07/202511:30 Emergency Dr.Denis

4 LP4721 Triage 28/07/2025 11:35 Emergency Dr.Bernard

5 HV5689 Analysis 28/07/2025 11:35 Radiology Dr.Bernard

6 HV6732 Analysis 28/07/2025 11:40 Hematology Dr.Lopez

7 HV6732 Analysis 28/07/2025 11:50 Radiology Dr.Laurent

8 HV5689 Consultation 28/07/2025 11:50 Consult unit Dr.Bernard

9 LP4721 Consultation 28/07/2025 12:00 Consultunit Dr.Fontaine

10 HV6732 Consultation 28/07/202512:05 Consultunit Dr.Laurent

11 HV5689 Discharge 28/07/202512:10 Emergency Dr.Morel

12 HV6732 Discharge 28/07/2025 12:15 Emergency Dr.Denis

13 LP4721 Admission 28/07/202512:20 Emergency Dr.Morel

14 LP8391 Registration 28/07/202512:25 Emergency Dr.Denis

15 LP8391 Analysis 28/07/2025 12:30 Hematology Dr.Lefevre

16 LP8391 Analysis 28/07/2025 12:40 Radiology Dr.Bernard

17 LP8391 Consultation 28/07/2025 12:50 Consultunit Dr.Fontaine
Dr.Morel

18 LP8391

Discharge

28/07/2025 13:00

Emergency

Table 1.1 - Chronologically ordered event log of hospital cases

1.1.2 Process model: a compact and exploitable represen-
tation of business processes

Depending on the chosen approach and objective, the resulting process model
derived from an event log can take various forms, ranging from mathematical ob-
jects, such as transition systems like automata or Petri nets [41], to more compre-
hensive expert graphical representations, like UML diagrams [68]. They can also
take the form of a declarative constraint over activity relations [56]. Regardless of
their formalism, all process models share the same fundamental goal: to provide a
compact, structured, and interpretable representation of the behaviour observed
in the process. They describe how log activities are related to one another, thereby
capturing both the control-flow and, in some cases, the data and resource perspec-
tives of the process.

In essence, Petri nets constitute a powerful process modelling formalism, offer-
ing particular expressiveness in capturing conflict and concurrency [1]. They consist
of a set of transitions, labelled with activities from the event log, whose firing repre-
sents the occurrence of the corresponding activity within the system. Surrounding
the transitions are places which hold tokens and are connected to transitions via
arcs. Together, places, transitions, and arcs define the causal and conditional rela-
tionships that govern when and how transitions can fire, thereby capturing every
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Sequence of activities Frequency Likelihood

Registration Analysis Consultation Discharge 3 0 0 . 3
Triage Analysis Consultation >> Discharge 25 0.25
Analysis Triage Consultation Admission 2 0 O . 2

Registration Analysis Analysis Consultation Discharge 1 5 01 5
Analysis Registration Analysis Consultation >> Admission 10 0 A

Table 1.2 - Abstracted sequences of activities for hospital cases

dynamic process behaviour that can be contained. The exact definition and seman-
tics of Petri nets are given in Chapter 2.

Figure 1.2 depicts a Petri net that compactly models all the relations observed in
the sequence of activities shown in Table 1.2. The model captures, for instance, that
the activities “Registration” and “Triage” cannot occur together in the same process
execution, that the “Analysis” activity may occur multiple times, that there are sev-
eral possible orders in which “Registration”, “Triage”, and “Analysis” can take place,
and that “Consultation” always appears at the same position in every execution of
the process.

The structure of Petri nets is naturally defined in a way that can be extended to
stochastic dimensions. When transitions conflict, assigning weight parameters to
them enables the specification of their likelihood. By combining the probabilities of
the transitions involved in a particular execution, one can derive the likelihood of
the corresponding behaviour.

Registration

Triage

Discharge

Analysis

Figure 1.2 - A Petri net describing the process of hospital cases



1.2 The Stochastic Process Discovery Problem

Over the years, a wide variety of process discovery algorithms have been devel-
oped, all sharing the common goal of producing readable and exploitable models
and capturing as faithfully as possible the behaviour expressed in the event logs.

1.2.1 Discovering procedural and declarative models

Depending on the approach and the context, researchers in the process mining
community aim to discover models of different natures [9].

Procedural approaches explicitly specify the control-flow aspect of processes and
produce models such as Petri nets [65], Business Process Model and Notation (BPMN)
diagrams [87], directly-follows graph [47] or process trees [49]. Well-known pro-
cess discovery algorithms in this category include the «-algorithm [71], the Heuris-
tic Miner [86], the Inductive Miner [49], the Split Miner [8], and Integer Linear Pro-
gramming (ILP)-based approaches [76]. Conceptually, such algorithms aim to ex-
tract from an event log the control-flow relations that characterise the observed
executions. Four fundamental types of relationships between log events are suffi-
cient to capture any behaviour:

+ Sequence, when one activity must always follow another in the observed or-
der.

* Conflict, when only one activity from a set of alternatives can occur at a given
point, i.e., the occurrence of one activity excludes the others in the same pro-
cess instance.

* Concurrency, when activities can occur independently or in parallel. This is
typically observed when the same group of activities appears in varying times-
tamp orders across different instances.

* Loop, when an activity or group of activities may repeat within the same pro-
cess instance.

These relations serve as the basis for constructing a process model that encodes
them according to the model’s formal semantics.

In contrast, declarative approaches describe processes not by explicitly modelling
their control-flow, but by specifying a set of constraints that any valid execution
must satisfy. They characterise the process in terms of rules such as “activity A
must eventually be followed by activity B” or “activity C' and D cannot occur to-
gether in the same trace. This paradigm is more flexible, as it allows managing both
the number and the granularity of the rules depending on the desired level of con-
formance, making it particularly suitable for processes that are highly variable and
weakly structured. For such processes, a control-flow approach would have to pro-
duce too many relations to keep the model readable. Representative techniques
include the Declare Miner [56] or MINERful [27].
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1.2.2 Discovering stochastic models

Although proven effective in many respects, “standard” discovery approaches
are limited by an inherent weakness, as they do not consider a valuable source of
information in the logs, namely, trace frequency. This may severely undermine the
ability to improve the modelled business, as the discovered models cannot repro-
duce the likelihood of the observed behaviours. This gives rise to stochastic pro-
cess mining, whose goal is to discover stochastic models that not only capture the
control-flow or constraints of a process, but also reproduce the likelihood of its ob-
served behaviour, as in stochastic extensions of Petri nets [19] and probabilistic
process constraints [6]. This can be achieved either indirectly, i.e., using a standard
miner to obtain a non-stochastic model and then, based on the trace frequencies,
devising adequate stochastic parameters to convert it into a stochastic model, or
directly, i.e., by devising a stochastic model straight from the log. In general, these
strategies extend the formalism of existing process models with a stochastic dimen-
sion, where additional parameters quantify the relative likelihood of choices, repe-
titions, or concurrent executions. Once identified, these parameters can be studied
and optimised to obtain a model that faithfully mirrors both the structure and the
probabilistic dynamics of the process.

To the best of our knowledge, research on discovering stochastic process mod-
els from sequential data, such as traces, can be broadly divided into three method-
ological categories, as outlined in the PAutomaC competition benchmark [82] and
in more recent process discovery work [22]: Bayesian inference, state merging, and
parameter estimation. The PAutomaC competition [82] was a large-scale bench-
mark for comparing algorithms that learn probabilistic automata from sequential
data. Among the most effective approaches were Collapsed Gibbs Sampling [69]
(Bayesianinference), Alergia [25] (state merging), and the Baum-Welch algorithm [12]
(parameter estimation). In the context of modelling event logs with stochastic mod-
els, the focus shifts from learning stochastic automata to adapting the three strate-
gies so that they directly address the estimation of stochastic parameters within
process models.

* Parameter estimation. These approaches follow an indirect strategy, assuming
that the control-flow structure of the model is already given, and focus on
inferring its stochastic parameters from the log. Probabilities are typically
assigned to branching or looping constructs based on their observed relative
frequencies. This can be achieved through well-defined heuristics and log-
driven estimators [21], or by means of optimisation procedures [45, 17]. While
efficient, this strategy critically depends on the correctness of the underlying
structural model.

* Bayesian inference. In this approach, model parameters are treated as ran-
dom variables, and their posterior distributions are estimated given the ob-
served data collected during the discovery procedure. This provides a prin-
cipled framework to capture uncertainty and variability in the process, often
relying on sampling-based techniques such as Markov Chain Monte Carlo.
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Nevertheless, these methods are computationally demanding and, to date,
have been applied only to a limited extent in process mining (e.g., [39]).

* State merging. This family of methods starts from an extremely detailed rep-
resentation of the log, where every trace is explicitly represented. This ini-
tial structure is usually too specific, tends to overfit the data, and results in
enormous complexity. The algorithm then progressively merges states that
behave similarly, producing a more compact and general model that also cap-
tures probabilities. This strategy has recently been adapted for use in process
mining, for instance, in the Toothpaste algorithm [22].

1.3 Research Aims and Problematics

The core problem addressed in this thesis is how to automatically discover pro-
cess models that are not only structurally correct but also stochastically accurate.
This entails defining suitable modelling formalisms, developing efficient algorithms
to extract both structure and probabilities from stochastic models, designing tech-
niques to evaluate conformance, and finally providing procedures to discover such
models in practice.

1.3.1 Motivation

As discussed earlier, the stochastic aspect of a process can reveal critical in-
formation about the system’s functioning under study. The interpretation of this
information may vary depending on the application domain, but overall, stochastic
data highlights which behaviours are most probable and which are less frequent
or exceptional. As a first level of analysis, this can help assess whether the most
probable traces correspond to the expected and desirable behaviour of the system
and its environment, and whether the least probable traces reflect rare but valid
exceptions, or possibly noise or anomalies in the log [15, 40]. At a higher level of
analysis, this information can help isolate parts of the system, such as human or
material resources, that are either overused, underutilised, or entirely unused [35].

Interpreting the empirical distribution. From Table 1.2, the abstracted log
contains 5 unique traces with frequencies that induce an empirical distribution:

(30, 25, 20, 15, 10) = I@’(U) = ﬁ (0.30, 0.25, 0.20, 0.15, 0.10).
The two most probable paths are:
o1 = (Registration, Analysis, Consultation, Discharge) (30%),
o9 = (Triage, Analysis, Consultation, Discharge) (25%),
and the least frequent paths are:
o3 = (Analysis, Triage, Consultation, Admission) (20%),
o4 = (Registration, Analysis, Analysis, Consultation, Discharge) (15%),
o5 = (Analysis, Registration, Analysis, Consultation, Admission) (10%).
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Here, o1 and o3 reflect the expected behaviour in which a patient arrives via triage or
registration, undergoes analysis and consultation, and is discharged without com-
plications. In contrast, o4 exhibits rework (a repeated Analysis), while o3 and o5 show
atypical orderings (e.g., Analysis preceding Triage in o3, and Registration after Anal-
ysis in o5) that end in Admission. These traces are prime candidates for root-cause
analysis (valid exceptions vs. noise). A stochastic model reproducing these obser-
vations enables quantitative conformance checks, hypothesis testing about rework
and atypical orderings, and data-driven assessment of resource allocation (over-
/under-utilisation).

Probability distributions over identical traces. Toillustrate theimportance
of probabilities, consider two event logs E; and E» that both generate exactly the
same set of traces {01, 09,03,04,05}, but assign different likelihoods to them. In
the first log E1, the probabilities are close to the empirical distribution observed in
Table 1.2:

Pg, = (0.30, 0.25, 0.20, 0.15, 0.10).

In contrast, the second log F» yields a mirrored distribution, reversing the relative
likelihoods of the traces:

Pg, = (0.10, 0.15, 0.20, 0.25, 0.30).

In both cases, the support of the language is identical, but the interpretation changes
drastically. F reflects the expected process behaviour, in which patients are most
likely discharged without complications. Es, however, suggests that the most likely
outcomes are those involving rework or atypical orderings ending in admission. This
example shows that without considering the stochastic dimension, two processes
could be judged equally fitting in terms of control-flow, while in reality they con-
vey very different insights about the process dynamics. Applying a non-stochastic
discovery algorithm to both logs would yield the same process model. While such
a model could still provide valuable insights into the functioning of the two hospi-
tals, it would hide the critical fact that traces of hospital F, corresponding to the
expected behaviour are among the least frequent. This observation in a stochastic
model can help detect malfunctions and identify their causes, as well as provide
insight into finding solutions to these malfunctions.

1.3.2 Research questions

This thesis addresses key challenges in discovering stochastic process models
that accurately and efficiently reproduce observed behaviours in an indirect ap-
proach to parameter estimation and Bayesian inference strategies. To address
these questions, we propose methods that combine model analysis, optimisation
techniques, and statistical inference to uncover the probabilistic nature of processes
from event data.

(Q1) Given a stochastic process model, can we compute, exactly or approxi-
mately, the traces it can produce together with their probabilities?
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Many applications require fast and accurate extraction of the behaviour of a dis-
covered process model. The most immediate use is to assess the model's confor-
mance against the original event log. A second motivation is model improvement,
where one aims to refine the discovered model by increasing its alignment with
the observed log, extending coverage to legitimate but missing traces, or enriching
the model with additional dimensions (e.g., probabilistic or temporal information).
Beyond conformance and improvement, extracting the probabilistic behaviour of
a model is also a prerequisite for tasks such as performance prediction, resource
analysis, or risk assessment. In all these cases, we need efficient procedures to com-
pute the model’s probabilistic behaviour, that is, the probabilities it assigns to sets of
traces. Depending on the setting, computations may be exact, when the discoverer
requires complete precision, or approximate, when the discoverer must quickly test
multiple models. We explore both possibilities:

* Exact methods. We define a log-driven exploration and unfolding of the stochastic
model’s state space. The procedure systematically identifies and explores the
branches of the model that can generate the observed log traces, while keeping
track of the cumulative probabilities associated with each model path.

* Approximate methods. We define an approximate approach that relies on statis-
tical model checking via simulation, guided by hybrid automaton logics. The ap-
proach consists of sampling a large number of executions from the model and
using them to approximate its stochastic behaviour.

Both methods will be integrated into a specific iterative stochastic discovery frame-
work, tailored to the chosen strategy.

(Q2) Given a parametric stochastic model, can we design a procedure to
identify the optimal (with respect to a chosen stochastic conformance
measure) stochastic parameters that match the observed behaviour
stored in the log?

In an indirect approach to stochastic process discovery, we start from a control-flow
model and calibrate stochastic parameters (e.g., branching probabilities or transi-
tion weights) so that the model’s induced probabilistic behaviour aligns with the
empirical distribution observed in the event log. We investigate two strategies:

« Optimisation-based parameter estimation. We define an objective function to quan-
tify the divergence between the model and the log based on a stochastic confor-
mance checking metric, and optimisation techniques are used to minimise this
divergence. Both gradient-based solvers and gradient-free solvers are consid-
ered.

+ Simulation-based Bayesian inference. We adopt an Approximate Bayesian Compu-
tation with Sequential Monte Carlo (ABC-SMC) procedure to construct posterior
distributions over the stochastic parameters of the model. To this end, parame-
ter values are iteratively sampled by simulating model executions and retaining
those that achieve a level of conformance sufficiently close to the log, under a
progressively decreasing tolerance schedule.
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Both strategies provide complementary ways of calibrating stochastic process mod-
els: optimisation-based approaches aim for efficient point estimates of the param-
eters, whereas Bayesian inference delivers complete posterior distributions at a
higher computational cost.

(Q3) Can we extend hierarchical process models, such as process trees, with
stochastic semantics that faithfully capture the probabilistic behaviour
observed in event logs?

Beyond calibrating stochastic parameters on a control-flow Petri net, we seek an al-
ternative modelling formalism that is both discoverable from logs and exploitable
for quantitative analysis. Classical stochastic Petri nets offer a rigorous seman-
tics, but they often suffer from structural ambiguities and difficulties in parameter
identifiability when applied to discovery. To overcome these issues, we posit that
stochastic process trees (SPTs) constitute a suitable representation. An sPT extends
the well-established process tree formalism [49] with probabilistic annotations on
control-flow operators such as sequence, choice, parallel and loop. Each operator
is equipped with parameters that define the likelihood of alternative paths, the dis-
tribution of concurrent interleavings, or the expected number of loop iterations.
The semantics of sPTs is compositional, meaning that the stochastic behaviour of
a complex model is entirely determined by the behaviour of its subcomponents,
combined according to their operator. Compared with other stochastic models,
sPTs reduce structural ambiguity (avoiding multiple distinct models that generate
the same behaviour) and improve parameter identifiability by making probabilis-
tic choices explicit in the model's syntax. They thus provide a unified framework
where the structure can be mined directly from logs, the parameters can be cali-
brated, and the resulting model can be analysed both qualitatively with respect to
the control-flow and quantitatively with respect to the probabilities.

1.4 Contributions

Chapter 2. We introduce the notations and formal definitions of the mathemati-
cal objects used throughout the thesis. We then present the notion of a language, a
central concept for expressing process behaviour compactly and rigorously. Finally,
we define the semantics of process models that will serve as the basis for represent-
ing and analysing such behaviours. This chapter also provides the background and
positions the contributions of this thesis within the broader state of the art, with
a focus on stochastic process discovery. It also introduces key existing works and
methodologies that will be revisited in the subsequent contribution chapters.

Chapter 3. The first contribution of this thesis is a novel procedure for extracting
both the stochastic behaviour and the control-flow structure of a stochastic process
model. This method addresses the research question (Q1) by deriving the exact
probabilistic distribution over the process instances generated by the model that
are consistent with the log, thereby providing a foundation for subsequent optimi-
sation and analysis tasks.
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Chapter 4. Building upon the behaviour extraction procedure introduced in the
previous chapter, we demonstrate how it can be used to discover an optimised
stochastic process model that closely matches the stochastic behaviour observed
in an event log, thereby providing an answer to research question (Q2). This is
achieved by leveraging well-known optimisation strategies that minimise a distance
function between the model and the log.

Chapter 5. The third contribution also addresses, at the same time, research ques-
tions (Q1) and (Q2), but approaches it from a simulation-based Bayesian statisti-
cal perspective. Here, the parameter functions that govern the model's stochastic
behaviour are iteratively approximated by performing a series of simulations. Un-
like classical optimisation-based approaches, this strategy scales more effectively
to larger and more complex models, while also providing richer insights into the
stochastic dynamics of the studied process.

Chapter 6. The final contribution introduces an extension of the process tree mod-
elling formalism itself. It provides an answer to the research question (Q3), aiming
for a more compact and less ambiguous representation than the models employed
in the previous chapters. This new framework supports a more effective and scal-
able optimisation procedure than traditional models commonly adopted in process
mining.

1.4.1 List of papers

* Publication in an international peer-reviewed journal:

- Pierre Cry, Andras Horvath, Paolo Ballarini, Pascale Le Gall. “An effi-
cient stochastic process discovery framework based on optimization”.
In: Journal on Software Tools for Technology Transfer (STTT).

* Publications in international peer-reviewed conferences:

- Pierre Cry, Andras Horvath, Paolo Ballarini. “Stochastic Process Trees:
A Formal Framework for Stochastic Process Discovery”. In: International
Conference on Process Mining (ICPM), Oct 2025, Montevideo, Uruguay.

[28] Pierre Cry, Paolo Ballarini, Andras Horvath, Pascale Le Gall. “Statisti-
cal Bayesian Inference for Stochastic Process Discovery”. In: Interna-
tional Conference on Quantitative Evaluation of SysTems (QEST), Aug 2025,
Aarhus, Denmark. HAL Id: hal-05134848

[11] Paolo Ballarini, Andras Horvath, Pierre Cry. “Probabilistic Process Dis-
covery with Stochastic Process Trees". In: Conference on Performance
Evaluation and Optimization of Complex Systems, Dec 2024, Milan, Italy.
HAL Id: hal-05021584

[29] Pierre Cry, Paolo Ballarini, Andras Horvath, Pascale Le Gall. “A frame-
work for optimisation based stochastic process discovery”. In: Proceed-
ings of the International Conference on Quantitative Evaluation of Systems
and Formal Modelling and Analysis of Timed Systems, Sep 2024, Calgary
(Alberta), Canada. doi: 10.1007/978-3-031-68416-6_3
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* Publication in a national peer-reviewed conference:

[32] Pierre Cry. “Découverte de processus probabiliste avec des arbres de
processus stochastiques (Résumés longs)”. In : Journées Approches For-
melles dans I'Assistance au Développement du Logiciel (AFADL 2025). Ap-
proches Formelles dans I'Assistance au Développement du Logiciel, Jun 2025,
Pau, France. HAL Id : hal-05106227

1.4.2 ProDiSt: A Tool for Process Discovery by Stochastic
Approaches

To support our contributions and provide a resource to the community, we have
made available all the methods, algorithms, data, and experimental results through
the ProDiSt tool, which is freely accessible at https://pierrecry98.github.io/
tool.html. ProDiSt is a Python-based software platform that integrates a family of
approaches for addressing the stochastic process discovery problem.

The current version of ProDiSt offers three main indirect stochastic process
discovery functionalities, which correspond to the contributions presented in this
thesis:

1. Discovery of optimal parameters for a stochastic workflow net (SWN) through
the exact computation of its stochastic language [29] (see Chapter 3 and Chap-
ter 4).

2. Inference of the posterior distribution of the optimal weight parameters of
a stochastic workflow net via likelihood-free Bayesian estimation [29] (see
Chapter 5).

3. Discovery of optimal parameters for a stochastic process tree (sPT) model by

approximating its stochastic language [11] (see Chapter 6).

The code supports the import of event logs in the .xes format [34] and provides
an object-oriented implementation of Petri nets and process trees, along with their
stochastic extensions, based on the PM4Py package definitions [14].
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Chapter 2

Background

In this chapter, we introduce the basic elements of standard control-flow process
mining (Section 2.3) and its stochastic extension (Section 2.4). Specifically, in Sec-
tion 2.3, we provide an overview of commonly used control-flow modelling for-
malisms (i.e., workflow nets and process trees), outline the principles of confor-
mance checking, and review relevant process discovery methods. In Section 2.4,
we instead review the basics of stochastic process mining, starting with the intro-
duction of the stochastic workflow net modelling class, then the stochastic confor-
mance criteria, and eventually surveying related works in the stochastic process
discovery domain. Finally, in Section 2.5, we introduce the basics of two statisti-
cal frameworks: the statistical model checking method based on Hybrid Automata
Stochastic Logic (HASL) and the Approximate Bayesian Computation (ABC) param-
eter inference approach, which the material presented in Chapter 5 relies upon.

2.1 Mathematical notations

We recall basic mathematical definitions and notations used throughout the
manuscript.

A finite set S is a collection of distinct objects listed within curly brackets, e.g.,
{a,b,c}. The set with no element is called the empty set, denoted (). The cardinality
of a finite set S, written |S|, is the number of elements it contains. Standard set
operations include intersection N, union U, subset inclusion C, and set difference \.
For example, S; = {a,b,c,d, e} is a set with |S;| = 5.

A finite sequence from set S, also called a word, is an ordered collection of el-
ements of .S, possibly containing repetitions. Given a finite set S, we write S* for
the set of all finite sequences over S. Formally, a finite sequence o € S* of length
n is a function {1,...,n} — S. We use angle brackets ( ) to denote sequences,
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e.g., o1 = (a,c,c,d,b,e) € {a,b,c,d,e}*. The empty sequence is denoted . The
length of a sequence o, written |o|, is the number of elements in the sequence, e.g.,
l{a,c,c,d,b,e)| =6, |¢] = 0.

A multiset M is a generalisation of a set in which elements may appear multi-
ple times. Formally, a multiset over a set S is a function M: S — N that assigns
to each element of S a multiplicity, i.e., the number of times the element appears.
We use square brackets [ | to denote multisets. In contrast, for simplicity, we de-
note multiplicities through a superscript notation. When the multiplicity of an ele-
ment is equal to one, the superscript is omitted in the representation. For example
M = [a3,b,c?,d?] is a multiset over S = {a, b, ¢, d, e} with multiplicities M;(a) = 3,
M;(b) =1, M1(c) = 2 and M;(d) = 3. By convention, the multiplicity of an element
not present in M is defined as 0. The support supp(M) C S of a multiset M is the
set of elements with positive multiplicity in M, e.g. Supp([a®,b, %, d%]) = {a, b, c,d}.
The set of all finite multisets over S is denoted by B(S). Formally:

B(S)={M|M: S — N, supp(M) is finite}

The cardinality | M| is the total number of elements (counting repetitions), while the
unique cardinality ||M|| is the number of distinct elements (i.e., the cardinality of
Supp(M)). For example, the cardinality of M; = [a3,b, ¢, d3] is |[M;| = 9 while the
unique cardinality is || M1]| = |Supp(M)| = 4.

2.2 Languages and Event Logs

In this section, we introduce the fundamental concepts used to describe and
reason about process behaviour in terms of sequences of actions. We begin by
defining alphabets and traces, then formalise the notion of language as a multiset
of traces, and extend it to the probabilistic setting through stochastic languages.
The notation used in this section is based on [74] for the non-stochastic definitions,
and on [52] for the stochastic extensions.

Definition 2.1 (Alphabet) An alphabet ¥ = {ay,a2,...,a,} is defined as a finite
non-empty set of symbols.

Definition 2.2 (Trace) A trace ¢ € ¥* is a non-empty finite sequence over an al-
phabet 3.

Definition 2.3 (Trace concatenation) Let o; = (ay,...,a,) and o; = (b1,...,bpm)
be two sequences over a alphabet X. Their concatenation, denoted o;.0;, is defined
as:

0;.05 = <a1, oo ,an,bl, .. .,bm>.

Definition 2.4 (Trace interleaving) We denote the set of all possible interleaving
of o; and o, written o1 $ o9, inductively as follows:

* Base cases:

eQ o ={oj}, o; ¢ e ={oi}
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* Inductive step:

For o; = (a).0} and o = (b).07,

0i o oj={(a)y [y ea; o U{b)y|veaidoj}

Q Example 2.1 (Concatenation and interleaving of traces).

Let o1 = (a, b, c) and o2 = (d, €) be two traces over the set S; with |o;| = 3 and
|oo| = 2. Their concatenations are given by:

o1.09 = (a,b,c,d,e) o9.01 = (d,e,a,b,c)
Their interleaving set is:

Ul 00-2 - { <a7 b7c7 d7 €>7 <a’ b’ d’ €7C>7 <a’d7 e? b7c>7 <d7 e’a7 b7c>7 <a7 b’ d7 C7 €>7
(a,d,b,e,c), (d,a,e, b, c), (a,d,b,c,e), (d,a,b,ec), (dabc,e)}

Definition 2.5 (Language) A language £ € B(X*) is a non-empty multiset of traces
over an alphabet X.. The corresponding multiplicity of each trace is referred to as its
frequency. The support of a language £, denoted as 7, is the set of unique traces
in £. Formally:

Tz = supp(L)

We define a language as a multiset of traces, rather than the classical definition
of a language as a set of traces. This choice reflects that identical traces may occur
multiple times, and their frequency carries meaningful information in the context of
the thesis. Even in the case of a language where all traces are unique, which often
occurs when dealing with specific structures such as process models, the language
is still formally defined as a multiset, with each trace assigned a frequency of one.

Definition 2.6 (Strong equality of languages) Let £i,Ls € B(X*) be two lan-
guages. Strong equality holds when both the set of traces and their frequencies
are equal:

Ly =Ly — VoeX¥ Li(o) = La(0).

Definition 2.7 (Weak equality of languages) Let £, £, € B(X*) be two languages.
Weak equality holds when the two languages contain the same set of unique traces,
regardless of their frequencies:

Li=Ly <= Tz, =Tz,

Definition 2.8 (Language concatenation) For two languages £; and L», we de-
note by £1 () £ the language consisting of traces resulting from concatenating any
unique trace of £; with any unique trace of £s:

Vo1 € Try, Yoo € Try o (01.02) € (L1 O L)

with frequency:
(ﬁl ® £2)(0'1.0'2) = Cl(al) . ﬁg(ag)
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Definition 2.9 (Language interleaving) As concatenation, also interleaving, ¢, is
extended to language in the natural way. For two languages £; and L9, we denote
by £, Lo the language consisting of all traces obtained by interleaving any unique
trace of £; with any unique trace of Ls:

VUl € 721, VO’Q c 722 : (01002) C <£1<>£2)
with frequency:

O'EO'1<>O'2, (51052)(0) :£1(01)‘£2(02)

The product over frequencies is justified by the fact that these operators will only
be used, in the remainder of this work, on languages where all trace frequencies are
equal to one. The concatenation and interleaving operators are naturally extended
to families of languages.

Definition 2.10 (Stochastic language) A stochastic language over X is a function
S: ¥* — [0,1] such that }° .. S(0) = 1. In other words, S defines a discrete
probability distribution over the set of all finite sequences over X. Each value S(o)
represents the probability of the trace o.

Although a stochastic language is formally defined as a function, by abuse of
notation, we may represent it using multiset-like notation, where the exponent as-
sociated with each trace denotes its probability rather than its frequency. Similarly,
we extend the notion of the support of a language 7T to the stochastic case. For a
stochastic language S over the alphabet ¥*, we denote by 7s the set of traces

Ts ={oce¥|S(o) >0}
For example, if we define S; over the alphabet ¥ = {a, b, ¢} such that:
S1({a,b)) =0.6;  S1((b,c)) =04; Vo e X"\ {{a,b),(b,c)}, Si(c)=0
then we represent S; = [(a, )%, (b, c)*4], and its support is Ts, = {(a,b), (b,c)}.

It is possible to derive a stochastic language from a finite language. Given a
language L, i.e., a multiset of traces, we can define a stochastic language S;: 7o —
[0, 1] by normalising the frequencies of the traces:

L(o)

T

This yields a discrete probability distribution over the observed traces in the lan-
guage.

Event log as a mathematical abstraction. We bridge here the gap between the
raw data representation of event logs and their mathematical abstraction. Formally,
each case correspondsto atrace o € 37, thatis, a finite sequence of activities drawn
from the log's activity alphabet ¥. The event log L can therefore be regarded as a
multiset of traces, where the frequency of each trace equals the number of cases in
the log that exhibit the corresponding sequence of activities. This induces two key
abstractions:
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1. the language L;, i.e., the set of all traces contained in L, and

2. the stochastic language Sy, i.e., a probability distribution over £, obtained by
normalising trace frequencies.

Hence, the raw event log can be mapped to the formal object (£, Sr), which jointly
captures the control-flow perspective and the stochastic behaviour of the underly-
ing process.

Q Example 2.2 (Log's stochastic language).
Consider a toy event log L1, defined over the activity alphabet
EL1 = {CL, ba ¢, d7 €, f}

and let us assume that the log consists of 5 unique traces over 100 cases, with
frequencies as in the following log language:

Lr, = [(a,c,d,e)*, (b,¢c,d, )*, (c,b,d, )%,
(a,c,c,d, e>15, (c,a,c,d, f)lo] .

from which we obtain the corresponding stochastic language through normal-
isation of the trace frequencies:

SLl = [<a7 C? d? e>037 <b7 C7 d’ e>025? <C’ b7 d’ f>027

(a,c,c,d, 6)0'15, (c,a,c,d, f>0'1] °

2.3 Control-flow Process Mining

This section introduces the formal structures used to represent process models,
the techniques for evaluating their conformance with event logs, and some of the
most prominent methods for process discovery.

2.3.1 Process Models

The definitions and notations used in this section are based on [59] for labelled
Petrinet, on [72]and [81] for workflow net properties, and on [49] for process trees.

2.3.1.1 Labelled Petri Nets

A labelled Petri net [59] is a directed bipartite graph composed of two types
of nodes: places, represented as circles, and transitions, depicted as rectangles.
The net structure is defined by input arcs, which connect places to transitions, and
output arcs, which connect transitions to places. Places may contain tokens. The
distribution of tokens across the places defines the marking of the net, and the
evolution of these tokens through transitions models the system’s dynamics.
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Definition 2.11 (Labelled Petri Net) Formally, a labelled Petri net describes a discrete-
state model by means of a tuple N = (P, T, F, ¥, \,mg), where :

+ Pis afinite set of places,

« T'is a finite set of transitions, with PN T = 0,

F C(PxT)U(T x P)is the set of arcs,
« Xy is an alphabet of labels,

* A\: T — Xy U{7}is alabelling function that assigns to each transition either
a visible label in X or the silent label 7,

* mgo € B(P) is a multiset of places.

In the context of this thesis, we restrict the arc function F'to arcs with multiplicity
equal to 1. Moreover, we require the labelling function ) to be injective on A~ (X y),
i.e., no two distinct transitions share the same visible label. Graphically, a transition
is depicted in white if it is labelled with an element from X, and in black if it is
labelled with 7 (i.e., a silent transition). In the remainder, we refer to non-silent
transitions through their unique labels, since ) is injective on X .

Semantics. A state of a labelled Petri net model consists of the distribution of to-
kens, represented as black dots, over its places, and is given by a multiset of places
m, called a marking, with m(p) being the number of tokens in place p € P in mark-
ing m. The initial marking is mg. A marking change corresponds to the firing of a
transition. The preset of a transition ¢ € T is the set of its input places, i.e.,

*t={peP|(pt) € F}
Respectively, the postset of a transition t € T'is the set of its output places, i.e.,
t*={peP|(tp) € F}

Atransitiont € T is enabled (and may be fired) in marking m if all of its input places
contain at least one token, formally, if Vp € *t,m(p) > 0. Accordingly, en(m) =
{t € T'|Vp €°*t,m(p) > 0} is the set of transitions that are enabled in m. Firing of
an enabled transition ¢ in marking m yields a new marking m/, written as m[t)m/,
where m’ results from m by removing a token from each input place and adding a
token to each output place. Formally,

m(p)—1 Vpe*tn(T\t*),
m/(p) = qm(p) +1 Vpetn(T\*),
m(p) Vpe (*tnt*)orpé¢ (*tUt*)

Reachability. A marking m/' is said to be reachable from a marking m if and only

if there exists a firing sequence (tg,...,t,) € T such that there are markings
mo,...,Mp+1 with
mo=m, mpy1=m', and m;[t;ymi1 Vi=0,...,n.
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For a Petri net N, we denote by R(NV) the reachability set of N, that is the set of
markings m’ reachable from the initial one mg and Ry(N) = (Rs(NN), A) the reach-
ability graph of N where A C Rg(N) x Rg(NN) x T'is the set of arcs whose elements
(m,m’,t) € A are such that m[t)m’.

Safeness. A Petrinet IV is said to be safe if, for every reachable marking m € Rs(N),
and for every place p € P, we have m(p) < 1. The definition of safeness can be
extended to k-safeness: a Petri net is k-safe if, for every reachable marking m €
Rs(N) and every place p € P, we have m(p) < k.

Q Example 2.3 (Petri net).

Figure 2.1 shows a labelled Petri net Ny = (P, T, F, XN, , A\, mp) that describes
the use of a common resource (modelised by place p3) between two competi-
tive processes (modelised by places p; and py) where:

P= {plap2’p37p4ap5}v T = {t17t27t3at4}a
F={(p1,t1), (p2,t2), ..., (t3, 1), (ta,02)}, XN, = {51,52,€1,€2},
A= {t1 = s1, ta = S2, t3 — €1, ta > €2}, mo = [p1,p2,p3].

Figure 2.1 - Petri net Ny

Figure 2.2 and 2.3 respectively give the reachability set Rs(/N7) and the reach-
ability graph R, (V1) of Nj.

mo = [ P1,P2,P3 } [p1 Do p3]
mi= [ p2,ps | el e
me= [ p1,ps |

[p2, P4 [p1, ps)

Figure 2.2 - Reachability set of Ny Figure 2.3 - Reachability graph of V;

The preset of t1 is {p1, ps}, and its postset is {p4 }. This means that ¢, is enabled
when there is a token in both p; and ps. Firing t; consumes these two tokens
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and produces a new one in ps. An example of a firing sequenceis (t1, t3), which
describes the complete execution of one of the processes: the token in p; rep-
resents the start of the process, it consumes a shared resource from ps, pro-
ceeds through execution, and eventually returns the resource, bringing the net
back to its initial marking mg. The net is safe: in all three reachable markings,
no place contains more than one token.

2.3.1.2 Workflow nets

Since we are interested in modelling finite executions of a process, we rely on
workflow nets [72, 811 (WN), a subclass of structured labelled Petri nets specifically
designed to model processes with a clear notion of start and end. They ensure that
every execution of the net moves the single token of the initial marking from the
source place to the unique final sink place.

Definition 2.12 (Workflow net) AWN is a safe labelled Petrinet N = (P, T, F, Xy,
A, mg), with the following constraints:

1. there exists a unique place, denoted source with no incoming transitions (i.e.,
esource = ()) and a unique place denoted sink with no outgoing transitions
(i.e., sinke = (),

2. theinitial marking is my = [source] and,

3. everynode n € (P UT) lies on an execution path from [source] to [sink].

Those constraints alone do not prevent behavioural anomalies such as dead-
locks (no transition is enabled in a marking that is not the final marking), dead tran-
sitions (which can never fire in any reachable marking of the net), or tokens left
behind (meaning that the sink place may contain a token while tokens remain in
another place). To ensure meaningful execution semantics, we refer to the notion
of soundness for a workflow net as follows:

Definition 2.13 (Sound Workflow Net) A workflow net is said to be sound if it
satisfies the following three conditions:

1. Option to complete: From the initial marking my, it is possible to reach the
final marking my = [sink].

2. Proper completion: If a reachable marking m such as m(sink) > 0 is reached
then m = [sink].

3. No dead transitions: Every transition ¢ € T occurs in at least one firing se-
quence from the initial marking mo = [source] to the final marking m; =
[sink].

In the remainder of this thesis, we shall always rely on contexts that guarantee
the soundness of workflow nets, either by construction or through the enforcement
of additional properties. In cases where soundness is not ensured, this will be ex-
plicitly stated.
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Workflow net language. Every firing sequence (t1,to, ..., t,) € T that leads from
the initial marking mg = [source] to the final marking m; = [sink] induces a trace

o = (A1), A(2), - Altn))re

Here, the notation (-)\ . denotes the projection of the sequence of labels onto the
visible alphabet Xy, i.e., all occurrences of the silent label 7 are removed and do
not appear in the resulting trace. The language of a workflow net N is then defined
as the set of all such traces:

Imi,...,my € Rg(N)

[source][t1)my, mpy[t,)[sink] }
miftir1)mip1 Yi=1,...,n—2

£N = {<)‘(t1)7 RN )‘(tn»\r

It is important to note that the language of a workflow net can be infinite, depend-
ing on the net's structure. In particular, loops (i.e., transitions and places forming
cyclic execution paths) allow the generation of arbitrarily long traces by repeating
certain portions of behaviour. As a result, the workflow net language may contain
an unbounded number of distinct traces, even though each trace is finite.

Q Example 2.4 (Workflow net).

Figure 2.4 shows a workflow net Ny = (P, T, F,Xn,, A\, mgp) consisting of 8
places, 6 labelled transitions and 3 silent transitions.

source

Figure 2.4 - Workflow net N»

The reachability set in Figure 2.5 and the reachability graph in Figure 2.6 al-
low us to verify the constraints and the soundness of N,. The initial marking
[source] is correctly represented with no incoming edges in the reachability
graph, while the unique final marking [sink] is terminal, meaning that no tran-
sitions are enabled once reached. Moreover, we observe that each transition
appears on at least one execution path from [source] to [sink|, ensuring that
no transition is dead.

Note that ¥, is equal to X1, (from Example 2.2) and that 7z, C 72N2, meaning
that the workflow net can reproduce all the traces contained in the language
L1. Moreover, the language of N, is infinite, due to the presence of the loop
pattern that allows transition ¢ to be repeated an arbitrary number of times.

23



Finally, notice that distinct firing sequences generate certain traces. For exam-
ple, trace (c, a, c,d, f) is generated by both the following sequences of the net's
transitions:

<t1,C,t5,a,C,t6,d, f> <t1,c,a,t5,c,t6,d,f>

[source]

mo= [ source |
mi= [ p,p2 |
mg= [ p2,p3 |
m3= [ pi,ps |
my= [ p3,ps |
ms= [ p1,ps |
me= [ p3,p5 |
mr= [ ps ]
ms= [ sink ]

Figure 2.5 - Reachability set of N Figure 2.6 - Reachability graph of Ny

2.3.1.3 Process trees

Process trees [49] (PT) are a formalism used to obtain a hierarchical represen-
tation of a language built on top of an alphabet. The leaves of a PT correspond to
the alphabet element, while the internal nodes correspond to operators through
which the languages of the corresponding sub-trees are combined. Four operators
are commonly used to construct process trees, namely sequence (—), choice (x),
parallel (A), and loop (O).

Definition 2.14 (Process tree) Let ¥ be an alphabet of labels and {—, x, A, O}
the set of process tree operators. The set of process trees over X is recursively
defined as:

« ifa e ¥gU{r}then Q = ais a process tree,

« ifQ1,...,Q, withn > 2 are process trees and & € {—, x, A} then &(Q1, Q2,
.., Q) is a process tree,

+ if @1 and Q2 are process trees then O (Q1, Q2) is a process tree.
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Semantics of process trees. Let () be a process tree over the alphabet ¥g. The
language of @, denoted by Ly, is defined recursively as:

« if @ = awitha € ¥gthen Lg = {(a)},
« ifQ =7then Lo = {¢},
* (sequence:) if @ =— (Q1,Q2,...,Qy,) then

Lo =)L,
=1
* (choice:) if @ = x(Q1,Q2,...,Qy) then

Lq =J Lo,

i=1
* (parallel:) if @ = A(Q1,Q2, - ..,Qy) then

EQ = <>?:1£Qi

¢« (loop:) if @ =0 (Q1,Q2) then

Lo ={01.01.00.05. ... .Op_1.0m |m>1,
Vi, 1 <i<m,o; € Lo,
Vj,1<j<m—1,0;€Ly,}

Note that, differently from the original definition of PTs [49], in the context of this
thesis, we opted for a binary (O (Q1, @Q2)), rather than an n-ary (O (Q1,Q2, ..., Qn))
version for the loop operator. In the n-ary version, the first child @, represents
the body of the loop (i.e., the language to be repeated), while the remaining n —
1 children @9, ..., Q, specify the loop conditions that enable each repetition. We
point out that this does not affect the expressiveness of the PT formalism as any
n-arguments loop PT can be expressed through a combination of binary loop PT
where the first argument amongst the n considered ones is "looped" with a choice
operator applied to the remaining n — 1 arguments, that is:

O (leQQv"')Qn) =0 (Ql, X(Qzu"'in))

Q Example 2.5 (Process tree).

Figure 2.7 describes a process tree Q; over the alphabet X, = {a,b,c,d, ¢, f},
formally defined as:

Ql == (/\(x(a, b)?© (C, T))7d7 X(evf))

(1 contains six labelled leaves and one silent leaf (7). It models two choices,
one loop, one parallel block, and a top-level sequence.
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¢ b ‘

Figure 2.7 - Process tree Q1

Leaf nodes define base languages. A labelled leaf returns the single-
ton language containing only the trace with the corresponding activity.
A silent leaf (7) corresponds to the singleton language containing the
empty trace e.

Qa = (a) with Lo, = [(a)]
Qp = (b) with Lg, = [(b)]
Q. = (r) with Lo, = [¢]

Choice operators (x) define the union of the languages of their children.
Atrace in the resulting language corresponds to a trace from exactly one
of the branches.

Qe = (x(a,b)) with Lg,, = [{a), (b)]
Qe, = (x(e, f)) with Lo, = [(e), {f)]

Loop operators () define an infinite language where a trace consists of
a sequence of one or more executions of the loop body (left child), and
each repetition except the last must be followed by a trace from the loop
condition (right child). The repetition can occur zero or more times. This
structure ensures that the body is executed at least once, and may be
repeated further, but only if each repetition is triggered by an execution
of the loop condition.

Qu = (O (¢, 7)) with Lo, = [{¢), (¢, ¢), (¢, ¢, 0), .. ]

Parallel operators (A\) generate the set of all possible interleavings of one
trace from each child language, preserving the relative order of labels
within each branch.

Qp, = (A(X(a,0),0 (¢,7)))
with Lo, = [{a,¢), {c,a), (b, c), (c,b),{a,c,c),{c,a,c),{(c,c,a),.. ]
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+ Sequence operators (—) produce traces by concatenating one trace from
each child language, in left-to-right order.

Lg, = [{a,c,d,e),(b,c,d, e),(c,b,d,f),
(a,c,e,d,e), (c,a,c,d, f),...]

Note that @); is behaviourally equivalent to the workflow net N5, as both induce
the same language: Lo, = Ln, with identical alphabets ¥g, = Xn,. This
means that @Q); is capable of generating precisely the same set of traces as Ns,
and in particular, it can reproduce all the traces contained in the language L;.

2.3.2 Control-flow Conformance Checking Metrics

Now that we have defined the models and their language semantics, we can
assess their conformance with an event log using several metrics. Fitness and pre-
cision [18, 24] are two key metrics used to quantify the conformance of a process
model concerning an event log, based on behavioural characteristics. Let us con-
sider the language of an event log L, denoted by £, and the language of a process
model N, denoted by £, both defined over an alphabet of activities >. The support
(i.e., the set of unique traces of each language) is denoted respectively by 7, C X*
and 7z, C X%

Fitness measures the model's ability to reproduce the observed traces in the
log. A language-based definition of fitness is given by:

T, N eyl

Fitness(Lp,Ln) = o]
Lr,

This corresponds to the proportion of log traces that the model accepts. A fitness
value of 1 indicates that the model can replay all log traces, meaning that 7., C 7z, .
A fitness value of 0 indicates that the model is unable to reproduce any of the log
traces, meaning that 7., N Tz, = 0.

Precision evaluates how much additional behaviour the model allows beyond
what is seen in the log. It is defined as:

T N Teyl

Precision(Lr, Ly) = Tecl
Ly

A precision score of 1 means that the log supports every trace the model generates.
Lower values indicate that the model overgeneralises, allowing traces that were not
observed.

In practice, computing these quantities exactly is often infeasible due to the po-
tentially infinite nature of both languages. Approximate methods, such as alignment-
based conformance checking or token-based replay, are typically employed to esti-
mate these scores.
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In addition to behavioural conformance, two other important dimensions are
simplicity [57] and generalisation [66]. Simplicity refers to the structural complexity
of the discovered model. Overly complex models are more challenging to interpret
and analyse, particularly in practical settings. Generalisation, on the other hand,
evaluates the model's ability to represent the observed behaviour and reasonable,
unseen behaviour that is likely to occur in the underlying process. A model that
overfits the log may score high on fitness but low on generalisation, failing to cap-
ture the actual process dynamics.

2.3.3 Process Discovery Methods

Now that we have introduced several ways of measuring the conformance of
a model, we turn to algorithms for process discovery. These algorithms rely on
different paradigms and strategies, but share the common goal of discovering a
model that achieves high conformance with respect to the event log.

2.3.3.1 Relation-based algorithms

Alpha Miner. One of the earliest and most influential process discovery algo-
rithms is the Alpha Miner [71]. The algorithm models the direct ordering relations
between activities observed in the event log and can detect sequential, conflict-
ing, and concurrent behaviour patterns by analysing directly-follows dependencies
across the entire log. These relations are determined through a complete explo-
ration of all traces in the event log. The Alpha Miner defines four main types of
relations between activities:

+ Directly-follows relation (¢ > b) when activity a is immediately followed by
activity b in at least one trace.

+ Causality relation (a >> b) inferred when « directly precedes b (a > b), but
not the other way around (b # a). This typically represents a sequential de-
pendency.

+ Concurrency relation (a || b) inferred when both @ > band b > a are ob-
served, indicating that e and b can occur in any order, i.e., they are concurrent.

* No-dependency relation (a#b): neither a > b nor b < a occurs, indicating
that @ and b are mutually exclusive and may represent a choice point in the
process.

The algorithm builds separate sets for each type of relation and applies a series
of simple rules to generate the corresponding workflow net. The construction does
not involve silent transitions, which limits the expressiveness of the resulting model
and prevents the correct representation of certain routing constructs, such as loops
or skipped activities. In fact, a strict application of the algorithm to real-life logs
usually yields unsound workflow nets in which the final marking is not reachable
and in which several transitions can never fire.
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Heuristic Miner. To overcome the limitations of the Alpha Miner, particularly
its sensitivity to noise and its inability to handle real-life non-ideal logs, the Heuris-
tic Miner [86] was introduced. Unlike the Alpha Miner, which relies solely on the
existence of directly-follows relations, the Heuristic Miner incorporates frequency-
based heuristics to distinguish between dominant and exceptional behaviour. This
makes it more robust to noise and better suited for practical applications. The dis-
covery process relies on constructing a dependency graph, in which edges repre-
sent dependency measures between pairs of activities. The strength of a depen-
dency from activity a to b is typically computed using the formula:

[{a > b} — [{b > a}|
{a>0b} + [{b>a}|+1

where {a > b} denotes the number of times activity « is directly followed by ac-
tivity b in the log. This score reflects the likelihood that a causally precedes b. By
introducing thresholds over the dependency values, the Heuristic Miner filters out
low-frequency relations and focuses on the most representative paths in the log.
This makes it more robust to noise and outliers, at the cost of potentially missing
infrequent but relevant behaviours. The resulting model is typically expressed as a
labelled Petri net or a causal net, and may include loops and other structures that
the Alpha Miner cannot represent.

dep(a,b) =

Despite its empirical strengths, the Heuristic Miner, similarly to the Alpha Miner,
lacks formal guarantees of correctness or soundness and may produce models that
contain deadlocks, livelocks, or other structural anomalies. Nevertheless, it remains
one of the most widely used discovery techniques in practical settings due to its
scalability on real-life event logs.

2.3.3.2 Block-structural-based algorithms

Inductive Miner. The Inductive Miner [49] represents a significant advance-
mentin process discovery by enforcing a block-structured model semantics. A block
structure model is defined as a hierarchical model that can be divided recursively
into parts having single entry and exit points [49]. Unlike Alpha and Heuristic Min-
ers, which may produce unstructured or unsound models, the Inductive Miner guar-
antees soundness and behavioural completeness by construction. In fact, by con-
struction, the algorithm ensures that the discovered model has perfect fitness with
respect to the log.

The algorithm recursively partitions the event log into subsets of traces that cor-
respond to distinct control-flow constructs (e.g., sequence, choice, concurrency and
loops), and builds a process tree that captures this hierarchical structure. At each
recursion level, the algorithm identifies a cut in the log, which is a decomposition
pattern that matches one of the predefined operators. This is achieved by first con-
structing the directly-follows graph of the log L, denoted by:

G(L) = (3, E)

where X1 is the set of log activities and E C ¥ x X1 is the set of directly-follows
relations observed in the log. An edge (a,b) € E is included if there exists at least
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one trace in L where activity a is immediately followed by activity b (a > b). The
search for cuts is then applied to the directly-follows graph, splitting it into smaller
subgraphs by identifying cuts based on the form of the graph, that is, on recog-
nisable structural patterns that reflect control-flow constructs. The recursion stops
when the remaining subgraph contains only a single activity node. The collection of
identified cuts is then used to connect all activities into a sound and block-structured
process tree, which can subsequently be translated into a labelled Petri net. Thanks
to its formal guarantees and consistent model quality, the Inductive Miner has be-
come the default algorithm in many process mining tools and is widely used in both
research and industry.

Control-flow patterns detected by Inductive Miner. The Inductive Miner
detects four fundamental process tree operators, each corresponding to a control-
flow construct that can be identified from the directly-follows graph of the log. These
cuts are mutually exclusive and exhaustive, ensuring that every sublog can be recur-
sively decomposed into smaller sublogs. For each cut, the corresponding language,
process tree, and workflow net are shown in Figure 2.8.

+ Sequence cut (—): activities are arranged in a strict order, such that all occur-
rences of activities in one partition always precede the activities in the next.
The resulting process tree operator is a sequence node, and the correspond-
ing Petri net fragment connects the transitions in a sequential chain.

+ Choice cut (x): the log reveals that traces follow disjoint alternatives, i.e.,
exactly one among several groups of activities is executed. This is modelled
as an exclusive choice operator in the process tree, and in the Petri net as a
conflict structure where a single token enables only one outgoing transition.

+ Parallel cut (A): the activities in the sublog can occur in any order, potentially
interleaved, without enforcing a specific sequence. This is recognised when
the directly-follows graph indicates mutual concurrency. It is modelled as a
parallel (AND-split/AND-join) operator in the process tree, and as a Petri net
fragment where multiple branches can fire independently.

* Loop cut (O): the log contains repetitions of a block of activities, separated
by occurrences of a distinct "redo" activity or set of activities. This is detected
by identifying cyclic patterns in the directly-follows graph. In the process tree,
this yields a loop node with a body and a redo branch, while in the Petri net,
the corresponding structure allows tokens to circulate back until the exit is
taken.

Together, these four patterns are sufficient to decompose any log into a block-
structured process tree recursively. Combined with the guarantees of the algo-
rithm, this ensures that the discovered models are sound, well-structured, and be-
haviourally complete.
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Figure 2.8 - Mapping of language patterns to their corresponding representations
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Inductive Miner infrequent. One of the key advantages of the Inductive Miner
is its robustness to noise, particularly when using its infrequent variant (IMf) [50],
which filters out low-frequency behaviour that may otherwise disrupt the struc-
tural decomposition. The infrequent variant introduces an additional parameter:
a threshold value x € [0, 1] that is used to filter out infrequent relations. Based on
the directly-follows graph G(L) of the log, each arc (a,b) is evaluated by counting
the number of times the relation a > b occurs in the log. The most frequent relation
in the graph is identified, and its frequency is multiplied by the threshold « to deter-
mine a cutoff value. Any arc whose frequency falls below this cutoff is considered
infrequent and is removed from the graph. Formally, we can build a new infrequent
directly-follow graph, denoted by:

Gi(L,k) = (X1,E,), where E,= {(a,b) €E ‘ {a > b}| > H'(mf)iXEHl‘ > y}}
x,y)€E

After this filtering step, the search for cuts and the construction of the process tree
proceed as usual. By removing low-frequency relations, the algorithm avoids over-
fitting and improves the generalisation of the discovered model. However, this also
modifies the resulting language of the model, as traces containing infrequent re-
lations may be partially excluded. Specifically, only the segments of traces involv-
ing the removed relations are affected, which can result in simplified but less be-
haviourally complete models. In particular, a substantial amount of causality infor-
mation may be lostin the filtering process. This is because certain frequentrelations
can give rise to structural patterns thatinclude infrequent transitions as part of their
execution. As a result, removing infrequent relations may inadvertently break valid
control-flow dependencies and affect the completeness of the discovered model.

Directly-Follows Model Miner. In an effort to more directly exploit the struc-

ture of the directly-follows model, and to enable its transformation into a labelled

Petrinet, the Directly-Follows Model Miner [54] (DFMM) was introduced. This method
leverages the raw directly-follows relations extracted from the event log to con-

struct a directly-follows representation that preserves both behavioural and statis-

tical properties of the log. The trace-based version of the DFMM combines two key

ideas: directly follows model construction and iterative trace filtering. The discovery

procedure operates as follows:

1. A directly-follows model is initially constructed from the log. For each trace,
nodes and edges are added accordingly, and edge frequencies are incremented
based on their occurrence in the log.

2. The least frequent edges in the DFM are identified, as they are likely to rep-
resent exceptional or noisy conduct.

3. Alltraces that make use of these low-frequency edges are removed from the
event log.

Those steps are repeated iteratively until a user-defined threshold is reached, indi-
cating the maximum proportion of traces that may be removed from the log. This
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iterative pruning ensures that the final directly-follows model fits at least the spec-
ified proportion of the original traces (assuming only complete traces are consid-
ered). This trace-coverage guarantee is a distinguishing feature of this variant and
is generally not offered by other discovery techniques, which may overfit or underfit
the log without explicit control.

2.4 Stochastic Process Mining

Since the focus of this thesis lies in the stochastic aspects of process mining, we
recall here some fundamental elements in this context. In Section 2.4.1, we intro-
duce the class of models commonly used in stochastic process discovery, namely
the stochastic extension of workflow nets. In Section 2.4.2, we overview the stochas-
tic extension of conformance necessary to assess the resemblance between the
log's and the model's stochastic languages and describe two stochastic conformance
measures, namely the so-called Earth Mover’s and the Kullback-Leibler divergence. Fi-
nally, in Section 2.4.3, we briefly review existing stochastic process discovery ap-
proaches.

2.4.1 Stochastic Workflow Nets

Definition 2.15 (Stochastic workflow nets) A stochastic workflow net (sSWN) is a
tuple S = (P, T, F,W,Xg, A\, mg) where:

« (P,T,F,Xg,\, mg) is a workflow net,
« W:T — Ry is afunction assigning a weight to transitions.

In practice, it can also be seen as a generalised stochastic Petri net (GSPN) [59]
consisting uniquely ofimmediate transitions. Transitions of an sWN fire with a prob-
ability that is a function of their weights. Specifically,

_ W(t)
]P)(ﬂm) - Zt/een(m) W(t/)

denotes the probability that enabled transition ¢ fires in marking m.

Stochastic language of an sSWN. We denote by Sg the stochastic language associ-
ated with the SWN S.

* The probability of a trace ¢ in Sg can be computed by summing the prob-
abilities of all those transition firing sequences that move the token initially
present in source to sink and generate o. In most cases, the same trace can
be generated by more than one transition sequence because of the presence
of silent transitions.

+ The probability of a firing sequence is given by the product of the firing prob-
abilities of the individual transitions that compose the sequence.
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Formally, consider a firing sequence of n transitions (to, t1, . . . , t,,) leading through
a corresponding sequence of n 4 1 reachable markings mg, m1, ..., ms where mg
is the initial marking and m is the final marking. The probability of this firing se-
quence is defined as:

P((to,t1, .- tn)) = [ [P(tilms)
=0

The stochastic language Sg depends on the weights of the transitions. In a practical
implementation, the weights can be represented as a vector w € IR{LT(‘) (|T) being the
number of transitions of S). We will denote by Sg(o,w) the probability of trace o
when the weight function W of S assigns weights to the transitions according to w.

Q Example 2.6 (Stochastic workflow net).

Figure 2.9 depicts a stochastic workflow net S, built from the control-flow
structure of Ny and enriched with a weight assignment function .

Waq

source wi

ws

Figure 2.9 - Stochastic workflow net S}

If we are interested in the probability of firing transition ¢5 in marking ms =
[p1, p4], where transitions «, b, t5, and tg are enabled, then:

W5
Wy + Wp + W5 + We

P(ts5|ms3) =

Now, let us consider the probability of observing the trace o1 = (¢, a, ¢, d, f) un-
der the current weight assignment w. The names of the markings are provided
in the reachability set shown in Figure 2.5.

Ss(o1,w) =P((t1, ¢, t5,a, ¢, tg, d, )) + P({t1,¢,a,ts5, ¢, te, d, f))
= P(t1/mo) - P(c|m) - P(ts|ms3) - P(a|ma1)
- P(c|mz) - P(tg|ma) - P(d|me) - P(f|m7)
+ P(t1|mo) - P(c|my) - P(a|ms) - P(t5|my)
- P(cImgz) - P(te|ma) - P(d|me) - P(f|m7)

w1 We Ws Wq
W1 Wq + Wp + We Wq + Wy + W5 + We  Wq + Wp + We
We We Wy w

Wy + We W5+ We W We + Wg
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w1 We Weq, Ws

W1 Wq + Wp+ We Wq+ Wy + W5 + W W5 + We
We We Wy w g

We Ws+ We Wq We+ Wf

2.4.2 Stochastic Conformance

In the stochastic setting, conformance is assessed at the level of stochastic lan-
guages. The log induces an empirical probability distribution over traces, while the
model defines a theoretical one over the same space. Stochastic conformance mea-
sures, therefore, compare not only which traces occur in both but also how closely
the probabilities assigned by the model match those observed in the log. This ex-
tends classical notions of fitness and precision by incorporating the quantitative
alignment of distributions.

Earth Mover's Stochastic Conformance. Within the process mining commu-
nity, one of the most widely adopted probabilistic conformance measures is the
Earth Mover's Stochastic Conformance (EMSC) metric [52, 53]. This measure is de-
rived as an adaptation of the classical Earth Mover's Distance (EMD), also known as
the first-order Wasserstein distance [62], to the setting of stochastic languages. In-
tuitively, the idea is to compute the minimal cost to transform one distribution into
the other, where the cost is intended as the amount of probability mass that needs
to be moved multiplied by the average distance it must be moved.

Q Example 2.7 (Earth Mover’s Distance).

As an example, consider two discrete random variables, X and Y, both defined
over the same support {1, 2, 3}, and associated with probability mass functions
px (z) and py (y), respectively, as illustrated in Figure 2.10.

Px(z) Py (y)
0.5 T ° 0.5 ° °
0.25 + ° o 0.25 t
0 % % % * 0 % % o J
0 1 2 3 0 1 2 3

Figure 2.10 - Probability mass functions Px (z) and Py (y)
In this simple case, it is obvious that, in order to transform Px to Py with min-

imal cost:
*+ 0.25 of probability mass needs to be moved from z = 3 to z = 1 with
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associated distance 3 — 1 = 2 and,

+ 0.25 of probability mass needs to be moved from z = 3 to z = 2 with
associated distance 3 — 2 = 1.

The total costis 0.25-2+0.25-1 = 0.75 which is the EMD between Px and Py.
Transforming Py into Px incurs the same minimal cost. This transformation
can be represented by the so-called transport matrix M, which specifies how
mass is transferred between the two distributions, and the associated cost ma-
trix C, which defines the cost of transporting one unit of mass from one ele-
ment to another. These matrices are, respectively, given by:

025 0 O 01 2
M = 0 025 0 C=1101 (2.1)
0.25 0.25 0 2 10

Reading the transport matrix M row-wise describes how the probability mass
from Px is redistributed to form Py, while reading it column-wise reflects the
transformation from Py back to Px. By construction, the row sums of M cor-
respond to the values of Px and the column sums correspond to Py-. The EMD
between the two distributions can then be computed using the transport and
cost matrices as follows:

EMD(Px,Py)= Y Ci;jM;;=3/4 (2.2)
(4,5)€{1,2,3}

The Earth Mover's Stochastic Conformance (EMSC) measure compares the prob-
ability distributions induced by a log and a model, taking into account a ground dis-
tance that quantifies the dissimilarity between traces (e.g., edit distance or prefix
alignment cost). The intuition is to evaluate the minimal cost of transforming the
probability mass from the model distribution into that of the log, where the cost of
moving mass is proportional to the behavioural distance between traces.

Formally, the first component of the measure is the reallocation function r :
Sr x Ss — [0,1], which specifies how probability assigned to a model trace og is
transferred to a log trace oy, while preserving the total probability mass of both
distributions. The second component s a trace distance function d that determines
the cost of reallocating mass. It must be symmetric (d(os,0r) = d(or,05)) and
satisfy d(o,0) = 0. Its choice strongly influences the measure: a common simpli-
fication is the unit distance, where traces are either equal (0) or different (1), which
reduces computational complexity but overlooks nuances of similarity. The result-
ing conformance metric is referred to as the unit Earth Mover's Stochastic Confor-
mance measure (UEMSC). More generally, the most common distance is the Leven-
shtein distance [55], which counts the minimum number of edit operations needed
to transform one trace into another. Since longer traces naturally allow for more
edits, a normalised version is often used, obtained by dividing the raw distance by
the length of the longer trace, yielding a value in [0, 1] that reflects the proportion

of differences:
dlev (Ul s 02)

dnorm_leV(Ul’ 02) - m
)
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Q Example 2.8 (Levenshtein distance).
Consider o1 = (a,b,c) and o2 = (a,a) over ¥ = {a, b, c}:
diev(01,02) =2 (substitute b with a, delete c).

Hence,
2
dnorm_lev (0'1, 02) = 3-

The cost of a reallocation is

T’ S L Z Z O-S,O-L O'S,O'L),

os€Ts oL €T,

and EMSC selects the reallocation » minimising this cost among the infinite set of
reallocation function R:
EMSC(S,L) =1 —minc(r,S, L).
reR

The search for the optimal reallocation function makes the computation of the
EMSC equivalent to solving an optimisation problem, which can be computation-
ally expensive. Since process models may generate infinitely many traces, a trun-
cated variant (tEMSC) restricts the comparison to the subset of traces covering a
user-defined portion of the probability mass (e.g., 0.8), ensuring that the measure
remains computable.

Kullback-Leibler divergence. An information-theoretic way to quantify the
discrepancy between a process model and an event log in the stochastic setting is to
use divergence measures. Among these, the Kullback-Leibler divergence [42] (KLD)
is widely employed to measure the difference between two probability distributions
over the same domain.

Given two stochastic languages Sy, and Sg, representing respectively the empir-
ical distribution derived from the log and the generative distribution induced by the
model, the KLD from Sy, to Sg is defined as:

S (0)
Dgr(L|S) = Z Sr(o )
veT, %8 Ss(0)

This value measures the information loss incurred when the model distribution Sg
is used to approximate the empirical distribution Sy,. A value of zero indicates per-
fect agreement between the two distributions over the support of the log stochas-
tic language 7s,. However, KLD is asymmetric and becomes undefined whenever
Sr(0) > 0 while Sg(o) = 0 for some trace o, making it highly sensitive to missing
supportinthe model. Thisissue can be alleviated by applying smoothing techniques
or restricting the comparison to the common support of both distributions.

Despite these limitations, KLD remains an expressive and lightweight measure
for comparing trace-level probability distributions. It has been used in prior work
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both to guide model inference and to evaluate the statistical alignment between
observed and simulated behaviour.

Entropy relevance. The entropic relevance [63, 46, 5] of a stochastic process
model S with respect to an event log L measures the average number of bits re-
quired to encode a trace from L using the stochastic language induced by S. For-
mally,

R(L||S) = Y Si(o)-cost(a,S),

o7y,

where
—log, Ss(0), if Sg(o) > 0,
cost(o,S) =
background_cost(c), if Ss(o) =0.

The first case corresponds to the Shannon coding length of o under the model
S. The second case applies when o cannot be generated by S, i.e., Sg(o) = 0. In
that situation, the background cost provides a finite penalty obtained by resorting to
a background distribution that guarantees finite values while punishing the model
for missing traces present in the log.

2.4.3 Stochastic Discovery Methods

In the field of stochastic process discovery, the objective is to derive a stochastic
process model from an event log that not only reproduces the control-flow relations
between activities but also captures the frequency distribution of traces. To this
end, various methods have been proposed, following either a direct or an indirect
discovery strategy.

2.4.3.1 Direct stochastic process discovery

GDT-SPN miner. One of the earliest attempts to incorporate stochasticity from
event logs into process models was the introduction of the Generally Distributed
Transition Stochastic Petri Nets Miner [67] (GDT-SPN Miner). The core idea of this
approach is to discover a generalised stochastic Petri net (GSPN) in which timed
transitions can be associated with a wide range of probability distributions, such as
uniform, normal, deterministic, or log-normal. The identification of these probabil-
ity distributions and their parameters relies on the notion of alignments between
log traces and model traces. Based on the observed values extracted from the event
log, the algorithm infers the most likely stochastic laws and parameters that best
explain the observations. A key strength of the method is its robustness against
noise, as it was specifically designed to cope with imperfect event logs. This work
in particular constitutes a core contribution to time modelling from event logs, as it
was one of the first approaches to explicitly lift timestamp information from traces
into parametric transition-time distributions within a stochastic process model.
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Toothpaste Miner. A more recent and robust approach is proposed in [22].
The framework introduces a probabilistic extension of process trees, in which each
node is annotated with parameters capturing the probabilistic relations observed in
the event log. First, a preliminary translation of the log into a probabilistic process
tree is performed. Then, a series of well-defined reduction and abstraction rules is
iteratively applied to refine the tree. Finally, the resulting probabilistic process tree
can be translated into a stochastic workflow net through a set of formal translation
rules. These reduction and abstraction rules enable the method to handle complex
structures, such as loops and concurrency patterns, while maintaining an overall
model complexity at a manageable level.

2.4.3.2 Indirect stochastic process discovery

All the contributions presented in this thesis build upon indirect approaches. In
recentyears, several significant contributions have emerged in this line of research,
proposing novel frameworks and techniques to enrich process models with proba-
bilistic information.

Weight estimation. Intheir seminalwork[21], Burke et al. proposed an indirect
approach defining six different estimators, obtained by combining simple log-based
statistics with structural properties of the discovered workflow net. This approach,
termed weight estimation, decouples stochastic annotation from control-flow dis-
covery and instantiates the framework with six different estimators that become
increasingly sophisticated.

* The first estimator, frequency (wy,,), counts the number of times each activ-
ity occurs in the log.

* The second and third, the left-handed (wjppqir) and right-handed (w;npqir) activity-
pair estimators, exploit frequencies of successor and predecessor activity pairs,
thereby incorporating causal relations from the model's structure.

* The fourth, mean-scaled activity-pair (wpqirscale): NOrmalises activity-pair fre-
quencies by the average transition frequency in the log to improve compara-
bility across logs of different sizes.

* The fifth, the fork distribution estimator (wy), distributes weights across
competing branches based on the observed branching frequencies in the log.

* Finally, the alignment-based estimator (wq;4,) leverages alignments between
traces and the model, counting how often transitions are visited in synchronous
or model moves.

These estimators, while lightweight and computationally efficient, have been shown
to generate stochastic models with conformance comparable to those of more com-
plex approaches, making them a practical choice when scalability and speed are
critical.
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WaWE. A way more recent contribution to indirect stochastic process discovery
is the Wasserstein Weight Estimation (WaWE) framework, introduced by Brockhoff
etal. [17]. This approach optimises the weights of an sWN with respect to the Earth
Mover's Stochastic Conformance (EMSC) measure. The key idea is to exploit the opti-
mal transport theory underlying EMSC, which enables the use of subgradient-based
optimisation methods. Specifically, the algorithm constructs a computational graph
that links transition weights to trace probabilities, and then iteratively updates the
weights by backpropagating the subgradients of a penalised EMSC loss (pEMSC). To
address the challenges posed by loops and potentially infinite sets of traces, WaWE
relies on sampling techniques to approximate the model's trace distribution, while
introducing auxiliary traces to penalise residual probability mass and ensure sta-
ble optimisation. Experimental results demonstrate that WaWE is both computa-
tionally feasible and practical, achieving EMSC scores that often match or surpass
those of state-of-the-art methods, such as GDT-SPN or Toothpaste Miner. In partic-
ular, WaWE demonstrates substantial improvements on highly variable logs, where
event data contain a large number of distinct trace variants and diverse behavioural
patterns between activities.

SLPN Miner. The work of Leemans et al. [45] further develops the optimisation
perspective on stochastic process discovery. The authors provide a formal defini-
tion of the stochastic discovery problem, casting it as an optimisation task where
the goal is to construct an sSWN that maximises conformance with an input event
log according to a chosen stochastic conformance measure. In particular, they dis-
tinguish two dimensions of optimisation: the discovery of the control-flow structure
and the assignment of stochastic information (transition weights). This leads them
to investigate two possible settings: the direct discovery procedure and the indirect
one. For the direct setting, they reduce stochastic process discovery to a decision
problem for the unit Earth Mover's Stochastic Conformance (UEMSC), formulating
it as a non-convex optimisation over the structure and the weights of an SWN. Al-
though this formulation guarantees models that maximise uEMSC, it is not com-
putationally tractable in practice and remains mainly of theoretical interest. For
the indirect setting, where a control-flow model is assumed as input, the authors
propose a practically applicable optimisation technique. This method symbolically
computes the probability of each log trace in terms of the sWN's weight parameters
by constructing a cross-product between the model’s stochastic reachability graph
and a silenced deterministic finite automaton representing the trace. The result-
ing system of equations is then used to optimise stochastic conformance measures
such as UEMSC or entropic relevance (ER-1), thereby yielding a stochastic net that
best fits the observed log frequencies. Experimental results demonstrate that this
optimisation-based formulation can outperform heuristic or estimator-driven ap-
proaches in terms of conformance of the discovered model. The main strength of
this contribution lies in providing a formal notion of optimality in stochastic discov-
ery, together with the first algorithms that achieve it in realistic indirect settings. A
significant limitation, however, concerns scalability: the symbolic representation of
log traces and the cross-product between their automata and the reachability graph
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Figure 2.11 - The HASL statistical model checking scheme

quickly becomes intractable. In particular, when applied to real-life event logs, it is
often infeasible to use this approach with perfectly fitting models, as the size of
their reachability graphs, combined with the number of traces in the log, results in
a cross-product that is too large to be handled in practice.

2.5 Techniques for Stochastic Analysis

One of the contributions presented in this thesis consists of a novel parame-
ter inference framework for stochastic process discovery (Chapter 5). Since this
framework is obtained via a combination of a statistical model checking approach
based on the so-called Hybrid Automata Stochastic Language (HASL) with a Bayesian
parameter inference method, namely the Approximate Bayesian Computation (ABC)
method, we briefly outline both approaches here.

2.5.1 Hybrid Automata Stochastic Language

The Hybrid Automata Stochastic Language [10] (HASL) is a temporal logic formal-
ism for the verification of stochastic models. As illustrated in Figure 2.11, it enables
the assessment of sophisticated performance indicators of SWN models S, through
the specification of a property ¢ = (Ag, Z) formally defined by the combination of
a Linear Hybrid Automaton (LHA) Ag and a target expression Z. The functioning of
the framework can be summarised as follows:

1. Asufficiently large number of finite traces are sampled by simulation from S
and synchronised on-the-fly with Ag.

2. Those traces that satisfy the acceptance conditions of Ag are retained, and
the statistics collected in the variables of Ag are then exploited to construct
an e-confidence level estimate (with confidence interval width ¢) of the quan-
titative measure of interest Z.
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Synchronisation of an sWN model with an LHA. The first component of the prop-
erty pisthe LHA Ag. Linear hybrid automata (LHA) were first introduced by Thomas
Henzinger in [36] as a restricted class of hybrid automata where linear differen-
tial inclusions govern the evolution of continuous variables. This restriction makes
them amenable to symbolic analysis while still being expressive enough to capture
a wide range of real-life systems. The theory and formalism of LHA were later ex-
ploited in [10], where they were synchronised with a generalised stochastic Petri
net to perform a wide variety of performance analyses and property verifications
through a simulation procedure. In this setting, the LHA acts as an observer that
guides the simulation of the net by storing and updating variables, and by deter-
mining both the conditions under which the simulation terminates and whether a
given trajectory is considered or discarded.

Definition 2.16 (Linear Hybrid Automaton) A Linear Hybrid Automaton (LHA),
synchronised with an SWN S = (P, T, F,W, g, A\, mg), is a tuple As = (Ew, Loc,
Init, Ace, X, flow, A, —) where:

« Ev=XgU{r} is the alphabet of observed events,

+ Locis a finite set of locations,

« Init C Locis a singleton set containing the unique initial location,
* Acc C Loc is the set of accepting locations,

*« X ={x1,...,x,} is afinite set of real-valued variables,

* flow : Loc — (Rs(S) — R™) specifies, for each location, the rate (i.e., first
derivative) with which each variable z; evolves depending on the current mark-
ing of S,

* A: Loc — (Rs(S) — B) assigns to each location an invariant (i.e., a Boolean
predicate depending on the current marking of S), and

+ —is a set of transitions of the form

Ev',~, U
— L

l I

where

- vis an enabling guard (an inequality over the variables X),

- Ev' C Ewis either a set of event names (the transition is synchronously
traversed upon the occurrence of an event in Ev’) or # (the transition
is autonomously traversed without synchronisation), and

- U is the set of variable updates.
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Q Example 2.9 (Synchronisation between an LHA and an sWN).

Figure 2.12 shows an example of an SWN S, synchronized with an LHA Ag,, as
depicted in Figure 2.13.

sink

Figure 2.12 - SWN S,

{0}, T, {z=2+1}

#, (sink==1), 0

lsta'rt lmul

sink==1
{a7c7d77—}7 T7 0

Figure 2.13 - LHA Ag, synchronized with Sy

The net Sy contains four labelled and two silent transitions. The automaton
Ag, has an initial location ls,,+ and an accepting location l.,4, and uses a dis-
crete variable z to count how many times the transition b is fired. Synchroni-
sation works as follows:

{b}, T, {z=2+1} {a,cd,}, T, 0
—_— —

lstart and lstm"t

lstm't lstart

Finally, the automaton moves to the accepting state when the sink place of S;

is marked:
#, (sink==1),
%

lstart lend

This example shows how an automaton can be used to monitor discrete as-
pects of the behaviour of a stochastic workflow net. In particular, the counter
x records the number of times transition b is executed before the final marking
is reached. Once the synchronised execution terminates, these values can be
exploited to verify probabilistic properties of the model.

Within an HASL model checker, the engine launches several simulations over
both the SWN S and the LHA Ag, starting respectively from the initial marking mg of
S and the initial location ly € Init of Ag. Each simulation may terminate either by
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accepting the randomly generated trace (if the LHA reaches an accepting location),
or by rejecting it (if the model falls into a deadlock, a livelock, or if the simulation
runs for too long, as determined by the model checker). The model checker also
determines when a sufficient number of traces have been generated to provide a
statistically precise analysis. Finally, the values of the variables X of the LHA in the
accepting traces are passed to the second component of .

Target expression. The second component of ¢ is an expression Z resulting from
the following grammar over the variables of the considered LHA Ag:

Zu= AVGY)|Z+Z|Z—~Z|Zx Z|Z]Z | Pdist

Pdist :== PDF(Y, step, start, stop) | CDF (Y, step, start, stop) | PROB()
Yi=c|Y4+Y|Y-Y|Y XY |Y/Y |last(y) | min(y) | maz(y) | avg(y)
yu=clytyly—ylyxylyly

where:

* ¢ € Ris aconstant.
« y € X is avariable of Ag.

* last(y) is the value that y has on the accepted trace at the end of synchroni-
sation.

* min(y) is the minimum value that y has taken along the accepted trace.
« max(y) is the maximum value that y has taken along the accepted trace.
* avg(y) is the mean value measured for y along the accepted trace.

* PROB() is the ratio of accepted traces over the total number of traces sim-
ulated

« AVG(Y) is the mean value (i.e. the centre of the confidence interval) of Y.

« PDF (Y, step, start, stop) is the approximation of the probability distribution
function for Y, resulting by using [start, stop] as discretised support for the
distribution (i.e. [start, stop] is splitin (stop—start)/step equally sized buckets
of length step).

« CDF(Y, step, start, stop) is the approximation of the cumulative distribution
function for Y, resulting by using [start, stop] as discretised support for the
distribution (i.e. [start, stop] is splitin (stop—start)/step equally sized buckets
of length step).

In practice, it offers a wide range of analysis possibilities over the model S, which
can significantly assist in evaluating and understanding its behaviour.

Q Example 2.10 (HASL target measures).

To illustrate, we present a few instances of Z expressions referring to the LHA
Ag, and the corresponding sWN model S; from Example 2.5.1:
« Z1 = AV G(last(x)) is the average number of times transition b is exe-
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cuted before reaching the final marking.

* Zy = PDF(last(x),1,0,5) is the probability distribution of the number
of firings of transition b, approximated on the support [0, 5] with buckets
of width 1.

* Z3 = PROBY() is the probability of reaching the accepting marking,
which can be used to detect whether the sWN is unsound.

« Zy = AVG(maz(xz) — min(x)) is the average variation (spread) of the
counter z along an accepted trace.

2.5.2 Approximate Bayesian Computation

Approximate Bayesian Computation [58, 70] (ABC) methods aim at estimating
the posterior distribution of a model's parameters 6 given some observed (experi-
mental) data y..p. Let 7(#) denote a prior distribution on the parameters, ye,, € Y
the observations, and p(y|0) the likelihood function of the model. The objective of
Bayesian inference is to determine the posterior distribution:

P(Yeap|0) 7(6)
(0| Yeap) = T 0(Yenp|0) 7(0) dO' (2.3)
In most models, the likelihood function p(yesp|6) is either too expensive to com-
pute or even intractable, thus hindering the exact determination of the posterior
distribution. ABC algorithms address this limitation by providing an approximation,
denoted mapc . (With e € R* a tolerance value), of the posterior 7(6|ye.p) that can
be made arbitrarily precise.

Rejection sampling. In its simplest form, known as rejection sampling (Algo-
rithm 1), ABC consists of a straightforward iterative procedure: candidate parame-
ter values ¢’ are repeatedly sampled from the prior distribution 7(6), and for each
sample a synthetic dataset y’ ~ p(:|¢’) is generated from the model. The parameter
¢’ is accepted if the distance between the summary statistics of 4/ and those of the
observed data y.,,, is below the tolerance threshold ¢, that s, if p(n(y'), 7(Yexp)) < €.

Although effective, ABC rejection sampling converges slowly, especially for small
tolerance values e. To overcome this limitation, the Sequential Monte Carlo exten-
sion of ABC, called ABC-SMC [13], was introduced. It accelerates convergence by
progressively refining the parameter search through a sequence of decreasing tol-
erance levels, thereby improving the efficiency of the approximation process.

Sequential Monte Carlo. ABC-SMC extends the basic rejection sampling ap-
proach by introducing a sequence of intermediate populations of particles (param-
eter samples), each associated with a decreasing tolerance value ¢;, fort = 1,..., T,
where T denotes the number of layers in the sequential procedure. The algorithm
starts with a large tolerance ¢, allowing many parameter samples to be accepted,
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Algorithm 1 ABC rejection sampling

Require: y,, (Observations), e (tolerance),
p (distance metric), n (summary statistics)
Ensure: {6;}7 , drawn from m4pc .
fori=1:ndo
repeat
0~ m(.)
y ~p(.|6")
until p(n(y'), n(Yobs)) < €
Qi A
end for
return {0;}"_, at tolerance ¢

and gradually reduces the tolerance level until the target er is reached. At each
stage, the accepted particles are resampled and perturbed, typically using a Markov
kernel K,(:|0), to generate a new candidate population that is more concentrated
around promising regions of the parameter space. Weights are assigned to parti-
clesto correctfor the bias introduced by resampling and perturbation, ensuring that
each intermediate distribution adequately approximates the posterior restricted by

P ) 1(Yeap)) < €.

Formally, if {02@_1), wy_l)}f\;l denotes the weighted population of parameters
atiteration t — 1, then a new candidate #* is generated by sampling from this popu-
lation according to the weights wgtfl) and perturbing the chosen particle via K. A
simulated dataset y* ~ p(-|6*) is produced, and 6* is accepted if p(n(y*), N(Yezp)) <
;. The weight of an accepted particle 6* is then updated as:

7(6%) .
SN wl TV E(6+(6Y)

w®(6%) =

This sequential approach offers several advantages over plain rejection sam-
pling. First, it reduces the number of simulations required to reach trim tolerance
levels, as the search is progressively focused on high-probability regions of the pa-
rameter space. Second, it naturally provides an adaptive exploration mechanism:
the distribution of particles evolves according to the observed data and the prior.
Finally, ABC-SMC yields not only a point estimate of the parameters but an approx-
imation of the full posterior distribution, enabling richer statistical analyses.
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Chapter 3

Exact Computation of the
Stochastic Workflow Net Language

Stochastic workflow nets (SWNs) are arguably the most common modelling for-
malisms used to account for the stochastic dimension of observed processes [31].
In essence, an sWN is a workflow net (WN) enriched with a vector of positive real-
valued weight parameters (w € RLTO‘) whose values are used to determine the prob-
ability with which each transition, enabled in a given marking, fires. In the context of
sWN modelling, the process discovery problem consists of deriving an sSWN model
that reproduces as closely as possible both the control-flow as well as the stochas-
tic dimension of the observed process, relying on a stochastic resemblance crite-
rion [52, 46] to drive the discovery. In this context, stochastic resemblance boils
down to assessing the similarity between the stochastic language of the log and
that of the SWN. If the log gives the stochastic language of the observed process, the
computation of the stochastic language of an SWN model is non-trivial. Because a
usually considerable number of silent transitions co-occur with labelled transitions
in multiple control-flow constructs, computing the probability of a trace in an sSWN
is non-trivial: a single trace can be induced by a potentially large set of transition
firing sequences [51].

In this chapter, we introduce a method for determining the exact stochastic lan-
guage issued by an sSWN model via breadth-first unfolding of the underlying (proba-
bilistic) reachability graph (RG). In order to correctly identify the probability of each
sequence of actions generated by an sWN, the procedure constructs on the fly a
dedicated directed acyclic graph (DAG) whose nodes store information about the
traces (sequences of actions) emitted by the sWN along the corresponding unfolded
path (i.e., the path traversed so far in the RG).

In order to deal with infiniteness (i.e., the presence of loops in the sWN reacha-
bility graph), termination of the unfolding can be controlled via different criteria, for
example, by imposing a bound on the length of the unfolded traces, or by means of
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a bound on the total probability mass of the unfolded traces. For practical reasons,
however, we opted, in our implementation, to let the unfolding process continue,
ensuring that every trace of the corresponding event log (i.e., the event log from
which the sWN has been discovered) is discovered via unfolding. Notice that, even
in this case, termination is guaranteed as long as the process discovery algorithm
enjoys perfect fitness (i.e. every trace of the log is guaranteed to be part of the SWN
language). The rest of this chapter is organised as follows:

+ Section 3.1 discusses the challenges involved in designing such a procedure
and introduces the intuition behind the algorithm through a simple illustra-
tive example.

+ Section 3.2 presents the algorithm for computing the stochastic language of
an sWN. The method relies on a breadth-first unfolding of the reachability
graph, enabling the computation of trace probabilities given a fixed weight
vector.

+ Section 3.3 describes a more efficient implementation of this unfolding strat-
egy. By dynamically generating reusable functions and employing memoisa-
tion, the computational cost of repeated evaluations is significantly reduced,
which is especially beneficial in an optimisation procedure.

+ Section 3.4 describes a major limitation of unfolding-based strategies for com-
puting sWN stochastic languages: namely, the presence of loops consisting
solely of silent transitions.

+ Section 3.5 concludes the chapter by summarising the advantages and limi-
tations of the proposed method and discussing its integration within an opti-
misation framework.

3.1 A motivating example

To illustrate the procedure for the exact computation of an sWN language in-
tuitively, let us consider a simple example. Let L; be an artificial event log with
corresponding stochastic language

Sr, = [(a,b,¢)%3, (a,d, b)°2, (a,c,b,b)%?, (a,b,c,b)"2, (a,b,b,d)"].

Notice that each unique trace of L; (i.e. each trace in 7fng) begins with the activity a
and that, after such common prefix, activity b may be repeated once and may occur
either before or after activity ¢ or d, which however occur mutually exclusively in a
trace. In other words, this means that the structure of the traces exhibits a combi-
nation of concurrency (different interleaving) between a conflict (mutually exclusive
choice) and a loop (repetition).

Figure 3.1 shows an sWN model S (i.e., a WN enriched with real-valued, positive
weights) that achieves perfect fitness w.r.t. log L; (i.e. all traces of L; are in the
language of the underlying WN Ny, 7:%1 C Lp,). Observe that in order to model
the repetition of b, the net includes a loop pattern, which makes the net's language
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source

<;> 1 [source]

[sink]

Figure 3.1 - Stochastic workflow net S;  Figure 3.2 - Reachability graph R,(S1)
discovered from log L, annotated with transition probabilities

infinite by allowing any word with an arbitrary repetition of b. The rest of the net
accurately models the fact that every sequence starts with a, and that after this
initial transition, the process splits into two branches: one containing the loop over
b, and the other representing the conflict between c and d, thus capturing the overall
concurrency.

Figure 3.2, instead, depicts the “probabilistic” reachability graph of Si, that is,
the reachability graph of the underlying WN enriched with transition probabilities
resulting from the weights of the transitions of S;. In any given state of the RG,
the probability value of an outgoing transition is given by the ratio of the transition
weight over the sum of the weights of transitions that are concurrently enabled.
Therefore, for example, in the initial state [source| transition a occurs with proba-
bility 1 (as it is the only transition enabled) while in marking [p1, p2], the probability
of the three concurrently enabled transitions, i.e., b, c and d, is:

_ W (b) 5
P(b”phPQ]) = W(b) T W(c) n W(d) = E =0.5

_ W (c) 3
Plellorel) = s wiosw@ 10~ 03
B(d|[p1, pa]) = Wid) _ 2 g

Identification of the sSWN language via traversal of the RG. The procedure for
determining the stochastic language of an sSWN model (formalised in Algorithm 2)
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consists of the construction on the fly of a dedicated directed acyclic graph (DAG)
whose nodes are labelled with the “unfolded” traces (sequences of transition labels)
and corresponding trace probability. The construction of such a DAG is obtained by
breadth-first traversal of the corresponding probabilistic reachability graph. Notice
that since the RG may contain loops, the traversal may not terminate (leading to
infinite depth of the DAG). On the other hand, because of the structural character-
istics of WNss, it is guaranteed that such a DAG 1) contains at least one leaf node
(corresponding to reaching of the RG deadlock state [sink] and 2) every node lies
on a path from the root [source] to some leaf node [sink].

Figure 3.3 depicts the DAG resulting from “unfolding” of the probabilistic reach-
ability graph R,(S1) (Figure 3.2). Nodes are arranged by level, corresponding to the
length of the path being unfolded (i.e., the number of transitions fired). Each node
in the DAG is annotated with three pieces of information:

+ the marking corresponding to the currently reached RG state.

+ the trace prefix formed by the sequence of labels of non-silent transitions
fired along the path from the initial state to the current node,

+ the probability of reaching the node according to the considered parameter-
isation W of the model.

In Figure 3.3, leaf nodes (corresponding to the [sink] marking) are depicted within
double rectangles. Notice that traces leading to these nodes, together with the as-
sociated probabilities, form part of the stochastic language Sg, of the net S;. Leaf
nodes depicted in blue correspond to traces that are part of the initial log stochastic
language Sy, .

Referring to the DAG in Figure 3.3, observe that the central path corresponds to
a firing sequence where activity b occurs, resulting in an arbitrary number of alter-
nated occurrences of transition b and t,. The upper part of the DAG corresponds
to the behaviour where activity c is chosen in the conflict against d, while the lower
part corresponds to the behaviour where d is chosen. As a result, levels 3 and 4
contain all possible interleavings between one occurrence of b and ¢ for the upper
part ({a,b,c) and (a,c,b)), and between one occurrence of b and d for the lower
part ({(a, b, d) and (a, d, b)). Similarly, levels 5 and 6 contain all possible interleavings
between two occurrences of b and c (or d):

{{a,¢,b,b),{(a,b,c,b),{a,b,b,c),{a,d,bb),(a,b,db),{a,b,b,d)}

Of course, every trace begins with activity a, which is added by the unique node at
level 1 and is part of every execution path of the DAG.

For each node in the DAG, the probability of reaching that node, and thus ob-
taining the corresponding trace, is computed incrementally during the exploration.
At each step, the probability of a node is obtained by multiplying the probability
of its parent node by the probability of the transition taken to reach it. Note that
multiple paths can lead to the same trace in the same marking, hence a DAG node
may be on several paths connecting the root with one leaf. If multiple paths end in

50



level 0 level 1 ! level 2 ! level 3 ' level 4 ! level 5 level 6
[p1, P4 b [P3, 4] [2) [p1,p4] b
: : U (ay ¢ by015 7l (a, ¢, b, )01 T (a, e, b, pyo0 [
| | t}z | i
3 [p1, 4] b [p3, pa) ! [sink] ! ts | [sink]
| (a,¢)"% a0 s 1] (a6 D)0 ! ' {a,c, b, b)007
§ o s | skl | | oend |
| 1 {a,b,c)10 1 {a,b,c)00™ | ty ! (a, b, c,b)*07 |
| | N, |
f2 | [p1, P4 b [p3, 4] [sink]
| | | {a,b,c)018 1 {a, b, e, b)) [ts 1 {a,b, ¢, b)00T
¢ : : : 1 Ipspd s [sink)]
| . | | — 375 [ -
| c | | | (a, 0,0, ¢)00375 1 {a,b,b, c)0-01875 ‘
| Lo | | P |
; : ' ' 2 [p1, p4] ! b
¢ T (a,b,b, )07 [
! ! ! ! c ! !
! ! ! ! ! L c
[source] a [p1, 2] b [p2, p3] ty [p1,p2) b [p2, ps] ty [p1, 2] b [p2, s3] b
gl 3 (a)l 3 (a, b)“ 5 3 (a, b)ﬂ 25 3 (a,b, b>0.125 3 (a,b, b>0.062.”‘ 3 (a,b,b, b)() 03125 3
| | | | L d
| | Lo d | |
3 : d : ! [Py, p4] !
| | | ty {00, )b
| d | | T |
d | i [p3, p] | [sink]
d i i [ {a,b,b,d)0% | ts || (a,b,b,d)" 1%
3 ! [p1,p4) | [p3, pa) t5 | [sink] 3
! ] tabd® Th] e d b [ (b d b0 |
| T | N, |
: [p3, 4] [sink] f2 | [P, 4] :
SN [ i .
U (a,b,d)O | ts 1| (a,b,d)O | (a,b,d, b)* b
pood | [ bepd |t lsind Iz
(a,d)*? b | (a,d,b)? 1 {a,d, by ts 3 (a,d,b,b)*"
2 [p1,pa] [p3, 4] | [ !
(a,d,b)>1 | b 1| {a,d,b,0)*! [ts 1| (a,d.b,b)>] 1 b

Figure 3.3 - Enumeration of all possible paths of length 6 in S}
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the same node, the corresponding probability is obtained by summing the proba-
bilities of reaching the node through all possible paths. This ensures that, for every
trace prefix represented in the DAG, its associated probability accurately reflects
the likelihood of following that execution path in the SWN.

Due to the presence of silent transitions, which are very common and often have
a high likelihood of being added to the model to match log patterns, a transition
firing can change the marking of the net without modifying the trace. Such paths
have different probabilities, since the sequences of transitions that lead to them are
distinct. However, this can lead to multiple cases that must be taken into account
when unfolding the reachability graph of the model:

« Same trace at different levels. This occurs when, at different levels (con-
secutive or not), we encounter the same trace. In the example, this happens
every time t, or t5 is fired. This case requires taking both the level and the
marking into account when identifying a given node. Otherwise, by mention-
ing only the trace, we would be unable to determine the length of the execu-
tion path or the actual state of the net.

+ Same marking, different traces at the same level. This can result from
firing the same number of transitions but in a different order. For instance, at
level 4 (Figure 3.3), we can reach [p1, p4] or [sink] through different execution
paths. This case requires the same solution as the previous one, with the
same level of precision in node identification.

+ Same marking and same trace at the same level. This is the most delicate
case to address. It means that different paths, with the same path length, lead
to precisely the same node in the DAG. This situation appears several times in
the DAG in Figure 3.3. Forinstance, at level 4, there are two possible execution
paths that both reach marking [p1, p4] emitting trace (a, b, ¢). The two paths
diverge earlier: one executes ¢ immediately after (a, b), while the other first
resets the loop by firing silent transition ¢ and then executes c. As a result, we
have two execution paths leading to the same node, possibly with different
probabilities. Therefore, the probability of such a merged node depends on
both parent nodes and is computed as the sum of their contributions:

prob. of parent 1 prob. of parent 2
= ~=
( 015 x 05 H)+( 025 x 03 )=015
~—~ —~—
prob. of firing t2 prob. of firing ¢

Before exploring the descendants of such a node, we must ensure that all
possible paths leading to it have been accounted for. Otherwise, its probabil-
ity will be incomplete, and this incompleteness will propagate to subsequent
nodes.

Another important thing to notice is that the unfolding of the reachability graph
R,(S1) leads to an infinite number of paths. Looking at R,(S1), we notice two arcs
that allow us to return to an already visited marking: both corresponding to the
loop over b. This means that the reachability graph contains cycles, which is why its
unfolding into a DAG results in infinitely many paths. Each time the loop transition
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is taken, new paths are created in the DAG, all corresponding to an additional occur-
rence of b in the net traces. As a result, the stochastic language of the net is infinite,
since there is no upper bound on the number of times b can be repeated before
reaching the final marking. In the example, at level 3, we have already encountered
an occurrence of b. In some paths, we also encounter the only occurrence of ¢, and
in others, the only occurrence of d. When moving to level 4, we can either reach
the final marking and end those paths, or loop again over b, or execute ¢ or d for
paths that have not yet encountered them. A response to this problem of explo-
sion and infiniteness is to decide when to stop the exploration and which paths
deserve to be explored. One efficient approach is to restrict the search to traces
that appear in the log and terminate the procedure once all such traces have been
identified. However, this requires ensuring that the model under study has per-
fect fitness with respect to the log. Then, based on the list of all prefixes formed
from the set of traces in the log, we can determine, for each node, whether further
exploration from this node will lead to traces that are present in the log or not.

Note that, in Figure 3.3, we have explored every possible path for the first seven
levels, including those that do not yield traces from the log. At each level, the sum of
the probabilities of all nodes is equal to 1 minus the total probability mass already
absorbed by sink nodes at earlier levels. In other words, the probability mass is
conserved across the unfolding, with the portion corresponding to completed exe-
cutions being removed from the active part of the graph. From level 0 to level 4, the
sum is indeed equal to 1. However, at level 4, there are four execution paths in the
[sink] marking, whose total probability mass is 0.375. Therefore, in the following
level, the remaining active probability massis 1 — 0.375 = 0.625.

In summary, the basic aspects needed in order for the stochastic language un-
folding procedure to work efficiently are as follows:

* We require three pieces of information to ensure that every node is unique
and cannot be confused with another: the level, which is the length of the
execution path; the trace, obtained from the labelling of the execution path;
and the actual marking of the net.

+ Before exploring the descendants of a given node, we must ensure that every
possible path leading to this node has been taken into account.

*+ Finally, to achieve efficiency and handle infinite languages, we restrict the
search to only those traces and trace prefixes that are present in the log.

3.2 Computation of the stochastic language of
an sWN via log-driven unfolding

The formalisation of the log-driven procedure for computing the stochastic lan-
guage of an sSWN model S via breadth-first traversal of the underlying (probabilistic)
reachability graph is given in terms of the function UNFOLDRG(T, S, R,(S)) whose
computational definition is given in Algorithm 2). UNFOLDRG(T, S, R,(S)) takes
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set of traces 7 C X* over an alphabet of activities X (i.e. the event log), an SWN
S = (P,T,F,W,%, X\, mp), and its reachability graph R,(S) = (Rs(S), A) as inputs
and returns a set of pairs (tr, pr) € T x [0, 1], where pr is the probability of trace ¢r
in the stochastic language Sg, i.e., pr = Ss(tr,w). In the following, we describe the
functioning of the algorithm, block by block.

Lines 1 - 8. The algorithm begins by annotating each arc of the reachability graph
R,(S) with the probability associated with the corresponding transition firing, as
determined by the weight function of the SWN. Specifically, we iterate over every
arc in the reachability graph, where each arc represents the firing of a transition ¢
from a source state st to a target state st’. For each such arc (st, st’, t), we compute
the firing probability of transition ¢ in state st according to the stochastic semantics
of the model. This probability is given by the weight W (¢) divided by the sum of the
weights of all transitions enabled in st, denoted by the variable sum_w. Computing
it involves an inner loop over all arcs originating from the same source state st, in
order to accumulate the weights of all transitions enabled in that state.

Note that the reachability graph R, (.S) could be computed from S inside UNFOL-
DRG. Weincludeit as aninput parameter because, in certain use cases, the stochas-
tic language may be computed multiple times with varying transition weights only.
These variations affect only the probabilities assigned to the arcs, not the structure
of the reachability graph. Therefore, it is sufficient and more efficient to compute
the reachability graph only once before invoking UNFOLDRG multiple times.

Lines 9 - 11. The probabilities of the traces in 7 are stored in the set D, which
contains pairs (tr, pr), where tr is a trace and pr is a real number representing its
probability in the stochastic language. To follow a breadth-first unfolding of R,(S5),
we use a queue ). The elements of @) are nodes of the directed acyclic graph
(DAG) constructed during the unfolding and are represented by pairs of the form
((st,level, tr),pr), where:

* the first component s a triple (st, level, tr):

- st € R4(S) is a state (marking) of S;

- level € N is the length of the unfolded path that leads to st (from the
initial state mg of S);

- tr € prefixes(T) is a prefix of some trace in T;

* the second component pr € [0, 1] is the probability of the execution path.

The queue Q is initialised by enqueuing ((my, 0, ¢), 1), where the triple corresponds
to the initial marking reached by an unfolded path of length 0 with empty trace,
and the probability 1 indicates that this node is part of every execution. For both
the set D and the queue @), we assume the existence of a procedure INSERTORIN-
CREASE(key k, value v), which inserts key k& with value v if k is not yet present, and
otherwise increases the value associated with k by v. In the case of D, the key is a
trace, whereas in the case of ), the key is a triple (state, level, trace). It is impor-
tant to note that the level is necessary because, due to silent transitions, the same
(state,trace) pair can sometimes be reached by firing either k£ or k£ + 1 transitions.
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Algorithm 2 UnfoldRG - Reachability Graph Unfolding

Require: Asetoftraces7 C X*,
a stochastic workflow net S = (P, T, F, W, %, X\, my),
and its reachability graph R,(S) = (Rs(95), A)

Ensure: Aset D C T x [0, 1] of pairs (tr, pr) where pr = Sg(tr, w)

1: PrAres < {}

2: for all (st,st’,t) € Ado

3: sum_w =0

4. forall (st,st",;t') € Ado

5: sum_w < sum_w + W (t')

6:  end for

7: PrArcs < PrAres U {(st, st',t, sm%)}
8: end for i

90 D« {}

10: () < empty queue
11: Q.ENQUEUE((my, 0, ¢€), 1)

12: while @ is not empty do
13: ((st,level, tr),pr) < Q.DEQUEUE()
14: for all (st, st',t, prarc) € PrArcs do

15: tr' <« tr + A(t)

16: pr' < pr-prarc

17 if st’ is [sink] then

18: if tr' is a trace in 7 then

19: D.INSERTORINCREASE(tr!, pr')

20: end if

21: elseif tr' € prefizes(T) then

22: Q.INSERTORINCREASE((st', level + 1,tr"), pr’)
23: end if

24; end for
25: end while

26: foralls € T do
27: if there is not such pair (tr, pr) € D that tr = s then

28: D.INSERTORINCREASE(s, 0)
29: end if
30: end for

31: return D
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To maintain the breadth-first order, these sequences must be distinguished.

Lines 12 - 25. The unfolding proceeds by dequeuing an element from @ (line 13)
and exploring all outgoing arcs of the corresponding state in the reachability graph
(line 14). For each arc, line 15 updates the trace by appending the activity associ-
ated with the fired transition, and updates the probability by multiplying it by the
probability of the arc. The resulting trace is stored in ¢/, while the resulting prob-
ability is stored in pr’. From line 17 to 23, the algorithm handles the case in which
the newly reached state is the final marking [sink]. If the generated trace is present
in 7, the pair (tr’, pr’) is either inserted into D or used to increase the probability of
the existing entry. If the newly reached state is not final but the generated trace is
a prefix of some trace in 7 (line 21), we either enqueue a new item or increase the
probability associated with an existing one.

Lines 26 - 30. Once the unfolding-based generation of the traces emitted by model
S has terminated we add to the output set D any trace of the input set 7 that has
not been unfolded from S, associating it with probability 0. Notice that, in the case
of a perfectly fitting model S, this step is redundant.

Algorithm 2 is presented in such a way that the unfolding is restricted to a set
of traces, which is helpful to evaluate traces present in an event log. This is an ad-
vantageous choice from the point of view of execution time since event logs usually
contain much fewer traces than the number of traces their mined workflow net
counterpart can produce (discovered WN have likely below one precision). More-
over, most mined workflow nets contain cycles leading to an infinite number of
possible traces. It is straightforward to modify the algorithm to make the calcu-
lations independent of a set of traces. Suppose the number of possible traces is
infinite. In that case, one can put a limit on the length of the traces (disregarding
silent transitions) or cover a given amount of probability, for example, to stop the
unfolding when the total probability in D is more than a user-defined threshold
(0.9, for instance). Due to the complexity of the workflow net or the characteristics
of the event log, even restricting the calculation to the traces present in the event
log makes the execution time unfeasible. This can easily occur in the presence of
long traces that various transition sequences of the workflow net can generate. In
this case, a limit on the length of the traces can be introduced to obtain at least an
approximation.

3.2.1 A more complex example

To illustrate Algorithm 2, we use an example based on an artificial log L, that
contains longer and more intricate traces than the previous example L4, resulting
in a more profound and more complex unfolding DAG. The stochastic language of
this log is:

Sr, = [{a, a)o'g, (a,a, a>0'2, (a,a,a, a>0'1, (bya,b,a, b)o'g, (a,a,b,b, a>0'2]

The set of traces 7Tg,, from Ly involves only two activities: a and b. These activities
appear multiple times and exhibit both repetition (looping behaviour) and inter-
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Figure 3.4 - Stochastic workflow net S, discovered from log Lo

Figure 3.5 - Reachability graph R,(S2) annotated with transition probabilities

leaving. Some traces contain consecutive repetitions of a, while others alternate
between a and b in various orders and nesting patterns.

The sWN shown in Figure 3.4, obtained using the Inductive Miner [49], is capable
of reproducing all the traces present in the log L. It captures a concurrent pattern
involving two loops: one over activity a, and another over activity b. The concurrency
allows for interleaved repetitions of both activities, reflecting the structure observed
in the log. Notably, some traces do not contain any occurrence of activity b. To
account for this, the model includes a choice between entering the loop over b or
skipping it entirely. The sWN contains seven silent transitions and two transitions
that are labelled with the two activities. Unlike the previous example, transition
weights are not specified here, in order to emphasise the general behaviour of the
algorithm rather than a specific numerical instance.

The corresponding reachability graph is shown in Figure 3.5. For the sake of
readability, the probabilities associated with transitions between markings are not
shown in the figure. Note that the language associated with the SWN is not finite
since there are loops containing non-silent transitions.
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Figure 3.6 - Unfolding DAG of R4(S>) based on Algorithm 2
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Figure 3.6 shows the unfolding DAG resulting. Similarly, the probabilities asso-
ciated with each node are not displayed in order to avoid overloading the DAG. For
the sake of illustration, the DAG contains a few nodes that, during the execution of
Algorithm 2, are notinserted in either the queue Q or the set D, as their correspond-
ing trace does not belong to the considered log. For example, the left most node
in level 6, i.e., ([sink], 6, (b, a)), resulting from a transition sequence that arrives to
[sink] producing the trace (b, a), which is notin 7, . At level 3, the DAG splits into
two parts: the left part corresponds to execution paths producing traces whose first
activity is b, whereas the right part corresponds to those whose first activity is a.

Evolution of the queue. We report the contents of the queue @ at early each step
of the algorithm, thereby illustrating how the DAG is incrementally constructed,
level by level, as the algorithm explores the reachable execution paths. Initially,
the queue contains a single item corresponding to the root of the unfolding:

Q = {(([source],0,¢),1)}

The algorithm begins by dequeuing (([source], 0, €), 1) and adding its only successor,
resulting in:

Q= {(([p17p2]a 1,{5), 1)}

In the marking [p1, p2], there are three enabled transitions: «, t3, and t4. Thus, de-
queuing (([p1, p2), 1,€), 1) results in adding three new nodes to the queue, yielding:

w3
= 2 -
Q {(([p17p4]7 78)”U)a+w3+w4 ’

((Ip2, 3], 2, (@), ———2

(([pl,]%], 2, 5)

"W +ws + ws
W4

" we + w3 + wy

Note that, in the example, we express the probabilities as functions of the transi-
tion weights. However, during the execution of the algorithm, these computations
are performed directly, and only the resulting numerical probabilities are stored.
The queue structure ensures that all unfolding nodes at a given level ¢ are explored
before any node from the following level £ + 1. This guarantees that we fully enu-
merate all paths leading to a node and accumulate its exact complete probability
mass before proceeding to explore its descendants. From a practical perspective,
the order in which elements from the same level are dequeued has no impact on the
result and can be chosen arbitrarily, for example, in lexicographic order. We then
dequeue the element (([p1, p4, 2, € and append its two descendants to
the tail of the queue:

)’ wa+$z+w4 )

Waq,

’wa+w3+w4)’
wy )

Wa + w3 + t4
w3 wp
(([plvpf)]? 37 <b>)

(([p3, pal; 3, (@)

Q@ = {(([p2, ps], 2, {a))

(([p1, ps], 2, ),

"Wa + w3+ ty wWe + wp
ws Weq, )}
Twe +ws +ty we + wp
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Then, we dequeue the element (([p2, p3], 2, (a)), ;s ), Which has three descen-
dants, one of which is already present in the queue. This existing element is cur-
rently the last in the queue, with value (([ps, p4l, 3, (a)), ey, - woiss,)- Here,
the use of the INSERTORINCREASE procedure is essential: when a newly discov-
ered execution path ends in a node already present in the queue, we can update
its probability by adding the probability of reaching it through this alternative path.
After inserting this updated probability and appending the two other descendants,

the queue becomes:

Wy

Q= {(([pl,pdalf)vm),
((lpr, ps], 3, (82, 2= +1;33 Tty walj—bwb)7
(Ips, pa], 3, (@), 2 +1:}1)33 Tt waufwb W +QZZ», Y ta wat Zi Fwg”
(o o), )y e e ),
R ey

Ateach step, only those unfolding nodes that produce a trace belonging to the prefix
set of 7 are added to the queue. If one of the descendants of a dequeued node
reaches the sink marking [sink| and the corresponding trace is in 7, then this trace,
together with its probability, is inserted into D.

Nature of the probability expressions. In order to illustrate the nature of the
expressions generated during the unfolding, and to demonstrate that the proba-
bility associated with each node can be computed incrementally from its parent
nodes, we present here the equations required to calculate the probability of the
SWN trace (b, a). For this purpose, we list the probabilities of the nodes involved in
the computation of P(({b, a)) as they appear highlighted in the unfolding DAG shown
in Figure 3.6. The first two nodes at levels 0 and 1, common to every execution path,
are:

Level O : P([source],0,e) =1

Level 1: P([p1,p2],1,€) = P([source],0,()) =1

Then, only one node at level 2 is part of the execution path leading to (b, a):
w3

Level 2 for (b, a) : PR
Wq ws W4

P([pl,p4], 2, 5) = P([plvPQ]v 175) ’

We then only have to explore the left branches of the DAG and derive the formula

for computing Sg, ((b, a), w), which starts with:
w,
P((p1,ps),3, (8) = P((pr,pal, 2,€) - —

Level 3 for (b, a) : n
Wq + Wp

Then, the execution path splits into two alternatives: firing ¢4 first, followed by a, or
firing a first, followed by t4:

Level 4 for <b7 a)’ fire 173 first : P([plapﬁL 47 <b>) = ]P([p17p5]7 37 <b>) ’ -

Wq + Wz + wg
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Wgq,

Level 4 for (b, a)| fire a first:  P([ps,ps], 4, (b,a)) = P([p1,ps],3, (b)) - T e
a 5 6

Then, the two branches converge at level 5, having fired « first and tg second, or
vice versa:
Waq

Level 5 for (b,a) :  P([ps,ps], 5, (b,a)) = P([p1, ps], 4, (b)) - —

Wgq

+P([p3, ps), 4, (b, a) - ———0

w2 + w5 + We

Since this node can be reached through two distinct execution paths, its probability

is given by the sum of the probabilities of both paths. From this point, only transition

t7 remains to be fired in order to reach [sink]| at level 6:

. wr

Level 6 for (b, a) : P kl, 6, (b =P 5, (b —
eve OI’< ?a> ([SZTL ]7 7< 7a>) ([p37p6]7 7< 7a>) wy + wr

In the end, after expansion and simplification, this yields:

‘SSz(<bv a’>a@) = IF’([smk], 6, <ba a>) =

wowawr (We + we + ws + wa) ((ws + wa)(we + w3 + wy) + we(2ws + w3 + wy + wr))
(w2 + wr)?(we + w3 + wa)*(wa + w3 + we)?

(3.1

which depends on the value of every weight in the net, except for ¢1, which is never
in competition with another transition. The influence of each weight, and the rela-
tionships between them, are naturally difficult to analyse directly from the formula.

Note that constructing and storing such a formula for every trace that the net
can produce quickly becomes infeasible for real-life processes, as both the number
of traces and their overall length can explode, resulting in formulas that are impos-
sible to manipulate, even on modern computing systems. The log-driven unfolding
DAG enables the compact and efficient storage of all relevant information, struc-
tured in a way that allows for the derivation of the restricted stochastic language
of the sSWN directly. Thus, the procedure can be significantly improved in terms of
computation time by incorporating additional components, such as function gen-
eration to accelerate the iterative computation of probabilities, and memoisation
techniques to avoid redundant recalculations within the code.

On the RG traversal strategy. As stated before, we opted for a breadth-first un-
folding of the RG. This scheme guarantees that we systematically discover every
transition sequence that produces a given trace. However, other schemes can also
be used (e.g., depth-first unfolding, or schemes that take into account the weights to
unfold the traces with larger probabilities first). The choice may significantly impact
computational time, depending on the sSWN and on the set of considered traces.

3.3 Unfolding with dynamic function generation
and memoisation

In many applications, the computation of the language emitted by an SWN must
be repeated for many different weight vectors w. This is typically the case within the
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realm of discovering the optimal weight vector so that the language of the resulting
SWN instance resembles that of the considered log as much as possible.

We have seen that the computation of the language of an sSWN with a given
weight vector can be achieved via unfolding of the underlying RG; however, chang-
ing the weights does not alter the structure of the SWN, meaning that its reachability
graph remains the same. As a result, if Algorithm 2 is applied repeatedly to the same
sWN, the same unfolding DAG is reconstructed at each iteration, with only the nu-
merical probabilities attached to the nodes changing. Although these probability
values differ between iterations, the unfolding computations share a large number
of common sub-computations. This redundancy results in considerable inefficien-
cies in the overall process.

3.3.1 Function generation

To avoid such repetitive computations, we developed an enhanced version of
the unfolding procedure in which the unfolding dynamically generates reusable
functions during the computation of the stochastic language. This version operates
in the same way as Algorithm 2: it follows a breadth-first unfolding scheme and ex-
plores the same underlying DAG structure. The key difference lies in the handling of
probabilities: instead of propagating numerical values from predecessors to com-
pute each node’s probability, this version constructs a function for each node. Each
such function computes the node’s probability by recursively invoking the functions
of its predecessors. The functions take the weight vector as input and return the
probability of the corresponding node. As in the queue @ of Algorithm 2, functions
are uniquely identified by a triple (state, level, trace), representing the marking, the
path length, and the trace prefix. When an equivalent function already exists, its
definition is updated to incorporate the new computation path, analogous to the
INSERTORINCREASE operation in Algorithm 2.

In essence, for a given sWN, a single unfolding suffices to generate a set of func-
tions that compactly encode the probabilistic behaviour of the model. Once con-
structed, these functions can be directly reused to compute the stochastic language
of the sWN induced by any weight vector.

When the computation of the stochastic language is restricted to a subset of the
traces that the sWN can generate, such as those observed in the log, this approach
offers a substantial advantage: only the nodes indispensable for evaluating these
traces are computed. In particular, functions are generated for all nodes during the
unfolding, but only those lying on a path that leads to a relevant trace (i.e., a trace
presentin the log) will ever be invoked. In the DAG depicted in Figure 3.6, if we focus
solely on the probabilities of traces represented by the blue leaves (those belonging
to the log), the functions associated with nodes that cannot reach any such leaf will
never be evaluated. In that example, roughly one quarter of the nodes fall into this
category. While this pruning effect can significantly reduce computational cost, its
actual impact is difficult to predict in general, as it depends intricately on both the
structure of the log and the behaviour of the discovery algorithm employed.
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Q Example 3.1 (Generation of probability function via DAG unfolding).

Considering the unfolding represented by the DAG shown in Figure 3.6, the
first function created is associated with the root:

Jr[source],o,a(w> =1
and returns 1. Its only successor is associated with the function:
‘F[PLPQ]:LE'?(E) =1 f[source],O,z—:(w)

By considering the successors of node ([p2, p4], 1, €), the functions correspond-
ing to nodes of level 2 are created as:

— w3 -

Fipr,pa) 2, (W) = Wa + W3 + wy * Fiprpal 1, (W)

- Wq -

Flpaws) 2@ (@) = T Fipr 1,6 (@)
Wy

‘F[pl,pe],Q,E(@) = : ‘F[pl,pg],l,s(@)

Wq + W3 + Wy
The successors of node ([p2, ps], 2, ) yields the creation of functions:

Wy

Florws)s.0(®) = == Fipr pa) 2 (@)
_ Wq _
Flps,pal,3,(a) (W) = ) - Florpa] 2,6 (W)

When considering the three successors of node ([p2, p3],2, (a)), the function
Flps,pal,3,(a) (W) Must be updated because it already exists and two new ones
are created. This results in:

i Waq, — w3 -
*F[p3,p4],3,(a) (’LU) = Wy + Wy : ‘F[pl,p4],2,€(w) + wy + w3 + wy : ‘7:[]?27173],2,((1) (w)
- w2 -
Forwale (@) = e e Pl ol 2,0 ()
(N

F[p?) 7p6]737<a> (@) = ’ f[pQ 7p3},2,<a> (w)

wy + w3 + wy

From a practical standpoint, we create, for each node, a function that takes a
weight vector as a variable input and, at creation time, is also provided with fixed
additional information: the set of transitions enabled in the corresponding marking
and the specific transition to be fired to match the behaviour of the node. To achieve
this, we utilise partial functions, which enable us to pre-bind these fixed parameters
at function creation. This way, when the function is later called with a different
weight vector, it can directly compute the probability of the node based on the fixed
information.
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3.3.2 Memoisation

A further important optimisation leverages the structural properties of the un-
folding DAG. While in a tree, a node has exactly one parent, and thus can only ap-
pear along a single unique path from the root to any given leaf, in a DAG, such as
the one obtained by unfolding the reachability graph of an sSWN, a node may lie on
multiple distinct paths from the root to the same leaf. Consequently, when com-
puting the probability of a given trace (i.e., reaching a leaf in the sink marking), the
probability of specific intermediate nodes may be needed multiple times, as all con-
tributing paths must be considered. This redundancy becomes even more signifi-
cant when computing the probabilities of many traces, as is required when evaluat-
ing the whole stochastic language. To eliminate repeated calculations, we employ
a memoisation mechanism: a hash table stores the probability of each node im-
mediately after it is computed, allowing subsequent calls to reuse the stored value
instead of re-evaluating the corresponding recursive computation.

To sum up, combining the unfolding procedure, which generates reusable func-
tions that capture the probabilistic behaviour of the net, with memoisation during
evaluation significantly improves computational efficiency. This synergy substan-
tially reduces the overall runtime. This version of the algorithm will be referred to
in the remainder of the thesis as the “memoised unfolding”. To use this version, a
preliminary setup must be performed to build the unfolding DAG and generate the
symbolic functions necessary for probability computations. This setup function is
denoted as UNFOLDSETUP(T,N,R,(N)), where T is the set of traces to retrieve in
the model N, based on its reachability graph R, (V). It is important to note that
this algorithm is applied directly to a non-stochastic workflow net, since the weight
vector is not yet relevant at this stage.

3.4 Silent loops in sSWN language computation

It is worth noting an important limitation that concerns the reachability graph
unfolding-based procedure for computing an sWN stochastic language, introduced
in Section 3.2. In fact, a necessary condition for such a procedure to correctly oper-
ate is the absence of silent loops (i.e., loops of silent transitions) in the considered
sWN model. If silent loops are present, then infinitely many paths in the reachability
graph exist that yield the same trace of the log. Therefore, the computation of the
SWN stochastic language would become an unfeasible task.

This special situation was encountered in the BPI Challenge 2012 [77], which de-
scribes a loan application process. Figure 3.7 shows a small portion of the workflow
net discover with Inductive Miner that contains a loop that can generate transition
paths that consist solely of repeated silent transitions. After firing t;, the resulting
conflict may lead to firing to, after which the model can loop back by firing ts. This
behaviour creates, within the net, an infinite number of distinct transition paths that
all generate the same trace in the net language.
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Extending this phenomenon to the stochastic setting implies that computing
the probability of certain traces becomes impossible when using unfolding-based
strategies. Since the unfolding method relies on enumerating all transition sequences
that generate a given trace, and this number becomes infinite in the presence of
silent loops, the procedure inevitably enters an infinite loop while attempting to
construct an ever-growing DAG. A possible solution to this issue is to detect such
patterns and then analytically exploit the geometric behaviour induced by loops
in sSWNs. In particular, when a loop consists solely of silent transitions, the prob-
ability mass associated with the infinitely many corresponding paths can often be
expressed in closed form using geometric-series arguments. Alternatively, one may
remove these loops by simplifying the net while preserving the same language.

While silent loops are a clear conceptual limitation of the unfolding procedure, it
is less clear how significant their impact is in practice. Although the Inductive Miner,
in its original formulation, can in principle produce workflow nets containing silent
loops, it is not straightforward to characterise the specific conditions under which
an event log would lead to such a structure. Moreover, certain implementations
of the Inductive Miner apply language-preserving reduction rules [60, 38]. These
rules (e.g., place merging or transition elimination) can reduce the structure of the
discovered workflow net and, in some cases, eliminate simple forms of silent loops.

O_CREATE

A_CANCELLED

Figure 3.7 - Excerpt of the WN discovered by the Inductive Miner from the BPI Chal-
lenge 2012 log, highlighting the presence of a silent loop

3.5 Conclusion

In this chapter, we have introduced a log-driven breadth-first unfolding proce-
dure for computing the restricted stochastic language of an sWN. This procedure
relies on constructing a DAG, which compactly captures all execution paths relevant
to a given set of traces, typically those observed in the event log. By propagating
probabilities along the unfolding structure, we obtain the probability of each trace
inthe log, thereby enabling the evaluation of stochastic distance measures between
the model and the log.

We have further proposed an enhanced version of the unfolding, referred to
as the memoised unfolding, which replaces direct numerical computation with the
generation of reusable functions encoding the probabilistic behaviour of each un-
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folding node. Combined with memoisation, this approach avoids redundant recom-
putations when evaluating the stochastic language under multiple weight vectors,
yielding substantial efficiency gains, particularly in iterative contexts such as opti-
misation.

Overall, the unfolding approach presented here provides a flexible and efficient
foundation for the stochastic process discovery framework developed in this thesis.
In the next chapter, we build upon this foundation to define an optimisation proce-
dure, based on the log-driven unfolding method, that aims to discover an sWN as
close as possible to a given log according to predefined distance metrics.
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Chapter 4

Stochastic Process Discovery via
Optimisation

Many practical and sophisticated algorithms have been proposed to derive a control-
flow model that accurately reproduces the language of a given eventlog[/1, 86, 49].
However, when the goal shifts from reproducing the structure of the behaviour to
capturing its stochastic characteristics, far fewer methods have been developed,
despite a growing interest in recent years. Now that we can rely on an effective pro-
cedure to compute the exact restricted stochastic language of a stochastic workflow
net (SWN) (see Chapter 3), we can integrate this into a framework for indirectly dis-
covering and optimising an sWN whose stochastic behaviour matches, as closely as
possible, that observed in a given event log. This framework belongs to the family
of parameter estimation techniques and, more specifically, to optimisation-based
approaches. In this setting, the model’s structure is assumed to be fixed, obtained
using a standard control-flow discovery algorithm. At the same time, its stochastic
parameters are iteratively adjusted to minimise a quantitative measure of dissimi-
larity between the model and the observed log behaviour.

Hyper-parameters
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with transition
probabilities
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Winit >
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Optimal weight
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Figure 4.1 - Optimised stochastic process discovery framework
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As illustrated in Figure 4.1, the approach begins with an event log. A workflow
net (WN) is first discovered using a standard control-flow process discovery algo-
rithm. This net is then transformed into an sWN by augmenting its definition with
a weight assignment function W. The weight function W is initialised according to
a vector w;y,; which assigns a weight to every transition of the model. This initial
weight vector is selected through a simple random uniform sampling of the weight
space, and its construction will be discussed in detail later. This initial SWN, together
with the stochastic language of the log that it must match, and a set of hyperparam-
eters configuring the unfolding and optimisation components of the framework, are
provided as input to the main procedure. At the end of the process, the optimiser is
expected to produce an optimal SWN whose stochastic language matches, as closely
as possible, the stochastic language of the event log. In practice, the output consists
of a new optimised weight vector w,,, that can be associated with the initial WN to
construct the optimised sWN. This entire process enables the inference of a proba-
bilistically accurate model from observed data in a fully automated and data-driven
manner. The remainder of this chapter is structured as follows:

+ Section 4.1 outlines two quantitative distance functions we used to assess
the stochastic conformance between the log's and the sWN languages: the
Kullback-Leibler divergence (KLD) and the Earth Mover's Distance (EMD). We
present their mathematical formulations and discuss their relevance in the
context of stochastic model fitting.

+ Section 4.2 analyses the analytical properties of the distance functions, partic-
ularly focusing on differentiability and structural characteristics. We illustrate
how these properties influence optimisation strategies.

+ Section 4.3 introduces the framework and describes the optimisation scheme
to infer transition weights from an event log and a mined model. We also
detail the solvers employed (gradient-based and derivative-free).

+ Section 4.4 investigates the factors affecting the scalability and computational
cost of our approach. We examine the impact of the size and structure of the
event log, the mined model, and the unfolding DAG, and compare the trade-
offs between memoised and non-memoised strategies.

+ Section 4.5 presents an extensive experimental evaluation. We analyse the
framework’s performance on several real-life event logs, compare the effec-
tiveness of different solvers and unfolding configurations, and evaluate con-
vergence behaviour. We also compare our method against state-of-the-art
indirect stochastic process discovery approaches.

* Section 4.6 concludes the chapter and points to Hessian-based optimisation
as a possible and easily extendable direction.
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4.1 Measuringthe distance between two stochas-
tic languages

The core problem addressed in this thesis can be stated as follows: given a
stochastic model mined from an event log, the objective is to determine a stochas-
tic parameter vector such that the resulting stochastic language closely matches
the empirical stochastic language derived from the log. In this chapter, we consider
an sWN S, parameterised by a weight vector w, and define distance measures to
quantify the similarity between its stochastic language and the empirical stochastic
language induced by an event log. To this end, a crucial step is to define a meaning-
ful and computable measure of difference between the two stochastic languages.
The choice of this distance function directly impacts the optimisation process, as
it determines the shape of the objective function and the type of solution that is
favoured. In this section, we adapt our setting and consider two distance-based
formulations: a Maximum Likelihood Estimation approach, equivalently expressed
as the minimisation of the Kullback-Leibler divergence (KLD), and an alternative
measure grounded in optimal transport, the Earth Mover’s Distance, restricted to
the log support. Each of them captures different aspects of the mismatch between
the two distributions and presents distinct algorithmic and numerical properties.

Note that we evaluate the difference between logs and models in terms of a
distance, as opposed to most of the process mining literature, which assesses model
quality based on a level of conformance. The key distinction is that, under a distance-
based approach, a perfect match between the model and the log yields a value of
0. In contrast, conformance measures typically assign a value of 1 to denote perfect
alignment. This distinction is introduced because it is more natural, in our context,
to formulate an optimisation problem as one of minimising a distance between the
model and the log. However, this is ultimately a matter of perspective, as framing
the problem as one of maximising a conformance score would lead to the same result
from an optimisation standpoint. We point out here that both distance measures
defined in this section:

* the log-likelihood fonction, log(M i (w)), given in Equation (4.2), and
* the rEMD function, M, gy p (W), given in Equation (4.4),

can be computed directly from the trace probabilities returned by UNFOLDRG(77,
S, Ry(S)) (Algorithm 2). Alternatively, the more efficient memoised variant described
in Section 3.3 can be employed, which is particularly advantageous when these com-
putations are performed repeatedly within an optimisation loop

4.1.1 Maximum likelihood estimation
One commonly used distance measure is the KLD. Its use aligns with what is

arguably the most widespread approach to parameter estimation: maximum likeli-
hood estimation. In this context, the goal is to find the pointin the parameter space

69



(i.e., the vector of transition weights w) for which the observed log L is most likely
under the model S. The corresponding optimisation procedure is built upon the
likelihood function, which evaluates, for a given weight vector, the probability that
the sSWN generates the observed event log. Maximising this likelihood is therefore
equivalent to minimising the KLD between the empirical distribution Sy, and the
model distribution Ss. The likelihood function between Sy, and Sg is given by:

Mpp(@) = [] Ss(o, ). 4.1)
€T

Since Equation (4.1) is prone to numerical underflow, especially when dealing
with long traces or small probabilities, it is common, for optimisation purposes, to
work with its logarithmic form. The logarithm preserves the location of the max-
imum and transforms the product of probabilities into a sum of log-probabilities,
which is numerically more stable:

log(MLu(W)) = Y Si(o) - log(Ss(t,m)) (4.2)
oeTL

which is called the log-likelihood function. The use of the logarithm is justified by
the fact that we are dealing exclusively with strictly positive probability values. It is
important to note that the computation of Equation (4.2) requires the probabilities
of only those traces that are actually presentin the event log L. This aligns perfectly
with the unfolding procedure described earlier, which is log-driven and restricts its
exploration to the traces observed in the log.

4.1.2 Restricted Earth Mover's Distance

Another widely used method for quantifying the difference between two dis-
tributions is the Earth Mover's Distance (EMD), also known as the Wasserstein dis-
tance. To define the EMD in our context, we adapt the formulation of the Earth
Mover's Stochastic Conformance (EMSC) measure introduced by Leemans et al. [52].
The Earth Mover's Distance (EMD) between the empirical distribution Sy, (derived
from the event log) and the model distribution Ss, which depends on the weight
vector w, is defined through the following optimisation problem. This formulation
captures the minimal cost required to transform one distribution into the other:

Mgyp(w) = mln Z Z r(o1,02) d(o1,09) (4.3)
aleTL 02€Ts
ZO’QGTS 7"(0'1,0’2) = SL(Ul) Vo1 €71
such that ZO’lGTL T(O-l) 0-2) = 85(0'2,@) VO'Q € 7?5'
r(o1,02) >0 Vo € Ti,o2 €T

where the function (o1, 02) (with o1 € T, and o3 € Tg) is the reallocation function.
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In Equation (4.3), computing the EMD requires finding a reallocation function r
that transforms the stochastic language Sy, (derived from the log L) into the stochas-
tic language Sg (defined by the SWN S with weights w) with minimal total cost in the
infinite set of valid reallocation function R. This cost corresponds to the amount of
probability mass moved, weighted by the distance d(o1, 02) between traces o1 € T,
and o9 € Tg. The first two constraints on r ensure that it behaves as a valid trans-
port plan: it fully redistributes the probability mass of Sz, and exactly reconstructs
Ss. The third constraint excludes moving negative probability masses.

In practice, the optimal redistribution matrix is obtained by solving a standard
optimisation problem, for which efficient algorithms are available. Depending on
the size of the trace sets and the desired trade-off between accuracy and compu-
tational cost, this optimisation can be solved exactly using linear programming, or
approximated using faster methods that scale better to large supports. In particu-
lar, approximate approaches rely on problem relaxations or regularisation terms,
enabling the computation of a near-optimal redistribution.

Using the normalised version of the Levenshtein distance, it is guaranteed that
0 < Mgyp(w) < 1, resulting in a measure that, conversely to the log-likelihood
function, is possible to interpret (i.e., 0 indicates perfect matching while 1 complete
difference). If 7 and Tg are finite sets, computing (4.3) corresponds to a linear
programming problem whose size depends on the union |77 U Tg].

When the model set of traces 7y is infinite, as is often the case, since process dis-
covery algorithms frequently produce nets with loops, the exact computation of the
EMD becomes infeasible. In such situations, it can be approximated by the so-called
truncated EMD (tEMD) [52]. The core idea behind tEMD is to consider a sufficiently
large finite subset of traces from 7Tg that collectively account for a specified fraction
of the total probability mass. However, in practice, even moderate coverage thresh-
olds (e.g., 0.8) may require the unfolding of a large number of traces, significantly
increasing the computational cost. As a result, tEMD is often too slow to be used
effectively within an iterative parameter estimation procedure.

As an alternative and to fit the log-driven unfolding, we propose an alternative
approach, which we name restricted EMD (rEMD), that is, to restrict the calculation
of the EMD to those traces that are present in the event log. Note that the EMD
defined in (4.3) can only be computed between two proper probability distributions.
However, restricting the stochastic language of the model to the traces observed in
the log generally produces an incomplete distribution, whose total probability mass
is strictly less than one. To compute the rEMD correctly under these conditions,
we normalise the stochastic language of the net by dividing each probability value
by the total mass of the restricted language. More precisely, once the restricted
stochastic language S§ of the sWN is extracted, whether from the unfolding or by
any other technique, we compute its total probability mass Zg:. Each probability
assigned to a trace o € Tg N T, is then normalised:

M prp (W) = min > ). r(on,02)d(o1,00) (4.4)
01€TL 02€TsNTL
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g = Z S{g(O‘,E)
O'GTSIAI'T%
S _
Ss(o,w) = Ss(7, ) Vo e TsNTy,
L
such that Z 7"(0'1,0'2> = SL(O'l) VO'l € ’TL

UQEEF"I'TSL

Z 7’(0’1,0’2) 285(02,@) Yoo € TN TL,
o1€TL

L 7“(01,0’2) >0 v0'170'2 in domain

In most cases, | 71| < |Ts| even when 7g is not infinite. Hence reducing the calcula-
tion of the EMD to the traces in T, can be feasible to optimisation purposes.

4.2 Characteristics of the objective function and
its partial derivatives

Gradient-based optimisation methods require the computation of the partial
derivatives of the objective function with respect to the variables being optimised.
When analytical expressions for these derivatives are not available, they can be ap-
proximated numerically using finite difference methods. Although numerical ap-
proximation is often sufficient, closed-form derivatives are generally preferable, of-
fering higher precision and, in many cases, improved computational efficiency.

In Section 4.2.1, we derive the partial derivatives of the objective function in the
case where the log-likelihood function is used (Equation (4.2)), thereby enabling the
use of exact gradients during optimisation. In contrast, when using the rEMD, the
dependency of the objective function on the model parameters is significantly more
intricate (Equation (4.4)). Consequently, the derivatives with respect to the weights
cannot be expressed in closed form and must be approximated numerically. In
Section 4.2.2, we investigate the behaviour of the rEMD-based objective function
through a simple example, which serves to highlight the inherent challenges and
limitations of employing rEMD in gradient-based optimisation.

4.2.1 Partial derivatives in case of using the log-likelihood
function

To derive the partial derivative of log-likelihood function with respect to the
model parameters, we assume that the SWN contains n transitions, and denote
the weight vector as w = (w1, ws, ..., wy,), Wwhere each weight is indexed by a natu-
ral number. Under this notation, the partial derivative of log(M ) (Equation (4.2))
with respect to a specific weight w;, for 1 < i < n, can be expressed as:

0 log( MLH Z Si(o 1 0Ss(o,w)

O' w w;
067‘-5'14 SS ) a v
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Figure 4.2 - A generic node of the unfolding with its predecessors

The partial derivative M can be computed by extending the unfolding pro-

cedure so that, for each node we compute not only its probability but also its partial
derivatives with respect to all weights w1y, ws, ..., w,. As a result, each node in the
unfolding will be associated with n + 1 numerical values: its probability, and one
partial derivative per weight. This enriched unfolding enables the gradient of the
log-likelihood function to be computed efficiently in a single pass over the unfold-
ing structure.

The probability associated with the root of the unfolding is 1 and, since its value
does not depend on the weights, its partial derivatives with respect to the weights
are equal to 0. We now address the problem of determining the partial derivatives
of a node’s probability based on the partial derivatives of its predecessor nodes.
To this end, consider a generic node whose probability, as a function of the weight
vector w, is denoted by g(w), and suppose that it has k predecessors. Let the proba-
bilities of these k predecessors be denoted by f;(w), for 1 <1 < k, and assume that
the partial derivatives of these probabilities with respect to the weights are known.
Furthermore, let w,, be the weight of the transition whose firing leads from the i-th
predecessor to the current node and let D; denote the set of indices correspond-
ing to the weights of the transitions enabled at the i-th predecessor. These weights
collectively form the denominator in the computation of the firing probability along
each incoming arc in the unfolding. With this notation, Figure 4.2 illustrates the re-
lationship between the function g and its k predecessor functions f;. Specifically,
the probability g(w) associated with the node can be expressed as:

Z fi(@

The partial derivative of g(w) with respect to a weight w;, for 1 < [ < n, can be
expressed in terms of the probabilities and partial derivatives of the predecessor
nodes as follows:

jGD w]

- . O
0g(w) afi(w) W, .\ 2jep; Wi
= . a + fi(w) ——— (4.5)
8’wl ; 0wl szDi wy f ( ) 8wl
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where

(0 if | ¢ D;
wci i . .
Dyt i fleDinl#q
e _ | (Syenws) (4.6)
8’[1)1 Z
SIEDNAL S ifl e DAL=

where note that ¢; € D; always holds.

To illustrate the procedure, we revisit the SWN Ss shown in Figure 3.4 together
with its corresponding unfolding DAG, depicted in Figure 3.6. We analyse how the
probability of generating the sequence (b, a), denoted by Sg, ((b, a), w) and given in
Equation (3.1), depends on the weight ws.

As explained earlier, the probability of the initial unfolding node ([source], 0, ¢)
is always equal to 1 and does not depend on w. Therefore, its partial derivative with
respect to ws is 0, as is the case for any other weight:

OP([source],0,¢)

=0
8105

The following three node that are on the execution path to produce (b, a), their
probability doesn'tinvolved ws as is it now enabled in their corresponding markings:

OP([p1,p2],1,6) _ 0 OP([p1,pa],2,€) _ 0 OP([p1,ps], 3, (b))

GUJ5 8w5 GW5 =0

We then reach the unfolding node ([p1, ps], 3, (b)). Following the reachability
graph R4(S2) in Figure 3.5, we observe that ws is enabled in marking [pi, ps]. To
compute the probability of reaching the unfolding node ([sink], 6, (b, a)), which de-
termines Sg, ((b, a),w), we must consider the two possible cases:

1. Firing transition t¢ in marking [p1, ps], whose partial derivative with respect to
ws IS:

ap([pl’pdvllv <b>) _ ap([pl’pdv 37 <b>) . We
6w5 6w5 Wq + Ws + We

+P([p1, ps], 3, (b)) 8( w )

Ows \ wq + w5 + wg
We

(wq + ws + wg)?

= —P([p1,ps],3, (b)) -

2. Firing transition a in the same marking, whose partial derivative with respect
to ws is:

aP([PS,PB]Av <b7 CL>) _ 8]?([?917]75]737 <b>) . Wgq,

Oows Oows Wq + W5 + We
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+ P([p1, ps). 3, (b)) 5’( W )

.811)5 Wq + w5 + we

= —P([p1,ps], 3, (b)) - (wq + ;U:Jr we)?

Then, both nodes ([p1, ps, 4, (b)) and ([ps, ps], 4, (b, a)) share a common descendant
in the DAG, which lies on the execution path producing (b, a):

OP([p3,pel, 5, (b,a))  OP([p1,p6,4, (b)) wa 9 [ wa
Dus = Dws w + P([p1, pe, 4, (b)) s \w,
+ aP([p3ap5]7 47 <b7 a>) . We
Oows wWo + ws + We
0 We
+ P([p37p5]747 <ba CL>) . aw5 (w2 n ws + wﬁ)
_ ap([plap6]747 <b>) + aP([p3,p5L4, <b7 a>) . We
ows Ows w2 + W5 + We
We
—P 4, (b . .
([p37p5]7 7< ,(I>) (w2+w5+w6)2
And then we finally reach the final node ([sink], 6, (b, a)):
8[?([51'71]{:], 6, <b, a>) _ 3852(<b’ a>,@) _ ap([pg,p@;], 9, <b’ CL>) . wr
Oows ows Oows wo + wy
0 wy
+ P([p3ap6]> 57 <b7 (I>) : 87’11)5 <w2 + w7>
_ aP([pZSapG]a 55 <b, CL>) . wr
Ows wa + wr

As expected, the derivative associated with a given node is expressed as a func-

tion of both the probability and the partial derivatives of its parent nodes. The ex-

. . 8Ss, ((b,a),m)

plicit expression for —=25="— is
wywswewr (we(2(ws + we) + w2) + (we + ws + we)? + w?)

(wa + w7)(we + wp) (wa + w5 + we)?(we + ws + we)?(we + w3 + wy)

The computation of the first-order partial derivatives can be integrated directly
into Algorithm 2 by calculating, at each node, the numerical values of its proba-
bility together with the required derivatives, based on those of its parent nodes.
However, when derivatives are required repeatedly, for instance, during optimisa-
tion over multiple weight vectors, this direct numerical approach can become inef-
ficient. In such cases, it is advantageous to adopt the memoised unfolding strategy
described in Section 3.3. With this approach, a single unfolding is performed, during
which symbolic expressions (i.e., parameterised functions) for the probabilities and
their derivatives are constructed. These functions can then be evaluated for any
given parameter vector, and their results reused via memoisation, thereby elimi-
nating redundant computations and improving overall performance.
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Figure 4.3 - SWN S3 derived from the log L3

4.2.2 Objective function and its derivatives in case of us-
ing the restricted Earth Mover’s Distance

In the following, we illustrate the behaviour of the rEMD as a function of the
weights through a simple example. We consider the log L3 with its four traces with
the following probabilities:

S1,({a,c)) =0.3 S1,({c,a)) =0.1
SL:5(<b,C>) =0.2 SL3<<C, b)) =04

together with the SWN Ss depicted in Figure 4.3 producing the four sequences
with probabilities:

Wy We Weq
Ss;((a,c)) = P Ss;({e,a) = +wp + we Wa + wp

wp We Wp
S, ({b,c)) = Ss;({c, b)) =

Wy + We + Wy Wq + Wp + We  Wq + Wp

The weights of the silent transitions ¢; and t; have no impact on the behaviour of
the sWN, since they are never in conflict with any other transition.

Figure 4.4 depicts the value of M, gy/p and the My g as a function of w,, while
keeping w, = w, = 1 fixed. The plot reveals several important characteristics of the
rEMD. First, there exists an interval in which the rEMD remains constant, meaning
that its partial derivative with respect to w, is zero. This is particularly notewor-
thy because, within the same interval, the probabilities assigned to the four con-
sidered sequences vary with w,. This illustrates a fundamental limitation of the
rEMD in optimisation contexts: the objective function may exhibit flat regions where
changes in the model parameters do not result in any improvement, despite under-
lying changes in the model’'s behaviour. The reason of the zero partial derivative is
the following. In the interval in question we have

SL3(<aac>) > 85'3(<a’ C>)v SL3(<Ca CL>) > 853(<C> a>)a
SL3(<C7 a)) < 853(<b7 C>)7 SL3(<67 b>) > 55'3(<Cv b>)7
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Figure 4.4 - M,gyp and log(Mp ) function between L3 and S

Accordingly, the rEMD in this case results from transferring probability mass
from the trace (b,c) to (a,c), (c,a) and (c¢,b) in Sg, in order to match the target
distribution Sr,. The normalised Levenshtein distance between (b, ¢) and (a, c) is
1/2, whereas it equals 1 between (b, ¢) and each of (¢, a) and (¢, b). These distances
determine the cost of moving probability between traces, and consequently, the
shape of the EMD function with respect to the model parameters. Hence, if the
four inequalities are satisfied, the rEMD is given by:

My (@) = 5(Sta((a,6) = S ((a,)

+ (S5 ((¢,a)) = Ss5({c, a)))
+ (S5 ((¢,0)) = Ss5({c, b))
7

which is a constant and also turns out to be the minimum (see Figure 4.4).

Second, the rEMD is not convex over the interval w, € [2/3,3]. Third, its partial
derivative with respect to w, exhibits jump discontinuities, notably around w, ~
0.16, we, = 2/3, and w, = 3.

In larger models with more transitions, the three phenomena illustrated above
(namely, constant regions, non-convex intervals, and jump discontinuities in the
partial derivatives) become pervasive throughout the parameter space and occur
frequently. These irregularities significantly affect the shape of the rEMD-based ob-
jective function and complicate the optimisation process. Indeed, our extensive
numerical experiments indicate that only derivative-free optimisation methods are
practically feasible for minimising the rEMD, as gradient-based techniques struggle
with the non-smooth and non-convex nature of the objective landscape.

On the other hand, the log-likelihood function, as suggested by Equations (4.5)
and (4.6), is a smooth function of the weights and is therefore more amenable to op-
timisation techniques, particularly gradient-based methods. In Figure 4.4, we also
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plot the log-likelihood function, scaled by a factor of 7 to frame the problem as a
minimisation task and to place its values within a range comparable to that of the
rEMD. On the figure, we can note that the value of w, that optimises log(Mpm)
(about w, = 0.5) optimises also M, gyp. This however is not guaranteed in gen-
eral.

4.3 Weight optimisation

In our framework, given a stochastic language Sy, induced from a log L, and a
corresponding mined WN N, the optimisation of the model's weights can be per-
formed using either the log-likelihood or the rEMD as the objective measure. The
resulting objective function f; is denoted by

fobj (Sp, N, w,measure, memoised, derivatives)

where

« w is the initial vector of weights to be optimised that need to be associated
with N to make itan sSWN S,

* measure specifies whether the log-likelihood or rEMD is used to measure the
distance between the stochastic language returned by the unfolding proce-
dure applied to the sSWN S and the stochastic language of the log S, that is,
if measure is equal to

- “rEMD" then f,; computes M, gy p(w) given in (4.4);

- “LH"then f,,; computes — log(M . (w)) based on (4.2) where the minus
sign allows us to apply minimisation in both cases;

* memoised is a boolean flag indicating whether to use the approach described
in Section 3.2, where a new unfolding is performed for each weight vector
considered during the optimisation process, or the alternative described in
Section 3.3, where a single unfolding is launched in which reusable functions
are generated and evaluated with memoisation.

* derivatives is a boolean flag, applicable only when measure is set to “LH". It
indicates whether f,,; should compute the exact partial derivatives of the ob-
jective function — log(Mp g (w)), or whether these derivatives should instead
be approximated using finite differences during the optimisation process.
Note that also the sign of the derivatives discussed in Section 4.2 must be
changed.

Lines 1-3. Ifthememoised option is selected, the unfolding setup is performed prior
to any computation of the stochastic language of the parametric SWN. This setup
generates the reusable functions required by the memoised unfolding during the
optimisation procedure.

Lines 4 - 11. Regardless of whether the LH or the rEMD is used as the objective
measure, the function f,,; may exhibit local optima in which the optimisation pro-
cess can become trapped. To mitigate this risk, the optimisation is preceded by an
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Algorithm 3 Weight optimisation

Require: measure € {LH, rEMD},
memoised, derivatives : boolean flags,
ng : positive integer (number of random initialisations),
solver : optimisation method (see Section 4.3.1)
Ensure: Optimised weight vector w,,;, to be associated with N in order to
obtain the optimised stochastic workflow net.

. if memoised then
UNFOLDSETUP(S;, N, Ry(N))
end if

wnN =2

fori=1,2,...,ngdo
w; < random weights
M < foj(SL, N,W;, measure, memoised, derivatives)
ifi=1o0or M < M, then
Mbest — M
Wingt < W;
end if
end for

DY XN Uk

_

120 f < fopj(SL, N, Winit, measure, memoised, derivatives)
13: Wyt <— MINIMISE( f, solver)
14: return w,,
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initialisation phase, during which ny random points are sampled from the parame-
ter space. Among these, the most promising starting point (i.e., the one yielding the
lowest objective value) is selected to initialise the optimisation procedure.

Lines 12 - 14. There is an additional parameter beyond those discussed so far,
namely solver, which specifies the optimisation method to be used. The available
options for solvers are presented in Section 4.3.1. The optimisation procedure itself
is performed by invoking the function MINIMISE, which takes as input the objec-
tive function f,;, the initial weight vector wy, the additional parameters measure,
memoised and derivatives, and the selected optimisation method solver.

In the practical implementation, the number of iterations performed by the
solver can be controlled via an additional parameter, max;s,, in Algorithm 3, al-
lowing the user to balance runtime against solution accuracy explicitly. In the gen-
eral formulation of our framework, however, we leave the stopping criterion to the
discretion of the solver, which typically relies on internal mechanisms based on con-
vergence checks or improvement thresholds.

4.3.1 Optimisation methods

The implementation we developed (see Algorithm 3) relies on the MINIMISE
function provided by the SciPy library in Python. This function supports a wide
range of solvers, including both derivative-free and gradient-based methods, and
also allows integration with user-defined solvers. However, not all solvers are suit-
able for our setting, due to the specific properties of the objective function and
the availability of derivatives. In the following, we review the applicable solvers,
highlighting their respective strengths and weaknesses in order to guide the reader
toward an informed and appropriate choice:

Boundary constraints. Solvers used for optimising transition weights must be ca-
pable of handling boundary constraints, ensuring that all weights remain strictly
positive throughout the optimisation process. Indeed, negative weights are not ad-
missible in the semantics of stochastic workflow nets and would have no meaning-
ful interpretation. A transition with a negative weight would lack any probabilistic
meaning, as it would imply a negative likelihood of occurrence. It could further
lead to numerical instabilities such as division by zero when normalising transition
probabilities. This issue is even more evident when a weight is equal to zero, as it
would imply that a transition has no likelihood of ever being fired. Such a situation
is meaningless: if a transition is included in the model, it must appear in at least one
trace of the log, and therefore cannot be assigned a zero probability. To further im-
prove efficiency and obtain more interpretable weight vectors, we also impose an
upper bound on the weights. In our experiments, restricting the weights to the in-
terval [0.001, 1] proved to be a practical and effective choice. This range preserves
substantial expressiveness, for instance, one weight can still be up to 1000 times
larger than another, while avoiding extreme values that may impair convergence or
interpretability. These bounds can be easily adjusted in the implementation by the
user to accommodate the characteristics of a specific model or application domain.
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Gradient-based or derivative-free. Another important factor in selecting a solver
is the nature of the objective function, particularly when the optimisation criterion
is the rEMD. As discussed in Section 4.2, the rEMD-based objective function is non-
differentiable and exhibits intricate dependencies on the model parameters. Con-
sequently, only derivative-free optimisation methods are applicable, as they do not
rely on gradient information. Such methods are particularly suitable for objective
functions that are non-smooth, noisy, or lack an analytical gradient, properties that
accurately characterise the rEMD in our context. In contrast, when optimising log-
likelihood, the use of gradient-based methods can be advantageous, as such meth-
ods generally perform better on differentiable objective functions. Moreover, the
efficient computation of first-order derivatives of the log-likelihood has been im-
plemented within the log-driven unfolding procedure, enabling solvers to exploit
gradient information during optimisation directly.

Among the solvers supported by the MINIMISE function of the SciPy package,
four are able to handle boundary constraints. Two of them are gradient-based
methods, while the other two are derivative-free:

+ thelimited-memory Broyden-Fletcher-Goldfarb-Shanno algorithm [23] (L-BFGS-
B),

+ the truncated Newton conjugate method [61] (TNC),
+ the Nelder-Mead simplex algorithm [33] (Nelder-Mead), and

+ the Powell's conjugate direction method [64] (Powell).

On the one hand, Powell's method operates by iteratively minimising the objec-
tive function along a set of search directions. These directions are updated dynam-
ically at each iteration based on the progress observed, without requiring gradient
information. The method is deterministic and can converge rapidly for smooth, low-
dimensional problems. However, it may struggle with noisy or highly non-convex
functions, where the search directions become less informative. The Nelder-Mead
simplex method, in contrast, explores the search space by manipulating a polytope
(a simplex) through geometric operations such as reflection, expansion, contrac-
tion, and shrinkage. Its strength lies in its robustness: it can handle discontinuities,
plateaus, and non-differentiable surfaces. However, the method does not guaran-
tee convergence to a global optimum and can be sensitive to the scaling of the objec-
tive function and the dimensionality of the parameter space. Both Powell's method
and Nelder-Mead are therefore well-suited to our context when optimising non-
differentiable objectives, such as the restricted Earth Mover’'s Distance (rEMD). Their
main limitation is computational efficiency, as derivative-free optimisation generally
requires more evaluations of the objective function.

On the other hand, L-BFGS-B and TNC are gradient-based optimisation methods
specifically designed for smooth and differentiable objective functions. L-BFGS-B is
a limited-memory quasi-Newton method that builds up an approximation of the
inverse Hessian matrix using only a few vectors of past gradient information. This
makes it especially effective in high-dimensional problems where storing or invert-
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ing the full Hessian would be infeasible. It is well known for its fast convergence and
robustness in large-scale optimisation under box constraints. The TNC algorithm
also addresses large-scale constrained optimisation by approximating the Newton
step through conjugate-gradient iterations, rather than explicitly forming the Hes-
sian. This allows it to capture curvature information more accurately than quasi-
Newton methods while remaining scalable. Its performance strongly depends on
the conditioning of the problem: in well-scaled differentiable landscapes, it con-
verges reliably, but in ill-conditioned scenarios, it may require careful parameter
tuning. In both algorithms, the gradient (i.e., the vector of partial derivatives) can
either be approximated numerically through finite differences or computed analyt-
ically when available. In our framework, this exact computation can be provided
by the unfolding procedure, which allows the solvers to exploit precise derivative
information and thus significantly improves optimisation efficiency.

4.4 Impact of the log and the associated mined
WN on the complexity of the framework

Before presenting the prototype tool that has been implemented and tested,
and in order to illustrate the complexity aspects of our approach with concrete ex-
amples, we first describe the event logs and the corresponding workflow nets (WNs)
used in our experiments. We considered a diverse set of real-life event logs, most
of which originate from the Business Process Intelligence Challenge (BPIC). All logs
are publicly available at https://data.4tu.nl/. These logs exhibit varying levels
of complexity, which in turn lead to mined WNs whose reachability graphs and cor-
responding unfolding directed acyclic graph (DAG) differ significantly in size and
structure.

4.4.1 Real-life event log characteristics

This subsection provides a detailed description of the real-life event logs used
throughout this thesis as examples, experimental data, and evaluation benchmarks.
While these descriptions offer valuable insights into the complexity and difficulty of
each log, they provide information for a deep understanding of the experimental
results. A reader primarily interested in an overview may refer directly to Table 4.1.
The table summarises the main characteristics of each event log, including the num-
ber of unique traces and activities, the average trace length, and the length of the
longest trace, which together provide a concise picture of the relative complexity of
each dataset. The average trace length reported is computed over the set of unique
traces only. For instance, although the Roadfines log contains 150,370 cases, it in-
cludes only 231 distinct traces and averaging their lengths yields 8.2. Computing
the average over all cases instead would give 3.7, but this value is less appropri-
ate in our setting because the unfolding operates on unique traces rather than on
cases. Using the unweighted average therefore avoids bias toward highly frequent
behaviours and better reflects the structure relevant to the unfolding.
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average length of

Event log #traces #activities trace length longest trace
BPIC13_c 183 4 9.9 35
BPIC13_1i 1,511 4 19.2 123
BPIC13_o 108 3 6.3 22
BPIC17_ol 16 8 4.1 5
BPIC20_dd 99 17 8.8 24
BPIC20_rfp 89 19 7.9 20
Roadfines 231 11 8.2 20

Table 4.1 - Characteristics of the considered real-life event logs

BPIC 2013 The BPIC 2013 collection provides three event logs originating from
a Volvo IT service company, covering processes related to incident management
and problem resolution over several years. These include the closed problems
dataset [83] (BPIC13_c), the open problems dataset [85] (BPIC13_o), and the inci-
dents dataset [84] (BPIC13_1i). Each dataset consists of repetitions and alternations
of four main activities “Accepted”, “Queued”, “Completed” and “Unmatched”. A typi-
cal pattern is that traces often terminate with a repetition of “Completed”, although
this is not a strict rule. The activity “Unmatched” does not appear in every trace and
is absent from BPIC13_o. When it does occur, it appears only once (no repetitions),
typically near the end of the trace. In contrast, the other activities repeat multiple
times and alternate with one another. As a result, any perfectly fitting workflow net
discovered from these logs displays concurrency between the three looping activi-
ties (“Accepted”, “Queued”, and “Completed”), together with a conflict representing
the optional execution of “Unmatched”, as illustrated in Figure 4.5.

Figure 4.5 - Workflow net discovered from BPIC13_i using the Inductive Miner.
Transition labels have been simplified to their initial letters.

BPIC 2017 The BPIC 2017 collection records a loan application process from a
Dutch financial institution. For our experiments, we utilised the offer extension
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log [80] (BPIC17_ol), which contains all applications filed through an online system
in 2016 and their subsequent events up to February 1, 2017. Unlike other BPIC logs,
this dataset contains a much larger number of cases but only 16 unique traces.
None of these traces exhibits repetitions of activities, which makes the log and its
corresponding workflow net relatively easy to manipulate. The model contains no
concurrency; it only involves sequences and conflicts. Each trace begins with the
two activities “Create Offer” and “Created”. Afterwards, there is a conflict between
sending information both by “mail and online”, or “online only”. Finally, the pro-
cess concludes with a decision on the loan application: the case may be “refused”,
“cancelled”, or “accepted”. The corresponding workflow net, built with the Induc-
tive Miner, is depicted in Figure 4.6. An interesting observation is that the presence
of silent transitions in every conflict allows the model to produce traces that omit
what appear to be mandatory pieces of information, such as whether the informa-
tion was sent or the outcome of the loan application. This behaviour is likely due to
the presence of noisy traces in the log.

0_Create Offer

Figure 4.6 - Workflow net discovered from BPIC17_ol using the Inductive Miner

BPIC 2020 This dataset contains events about two years of travel expense claims
within a Dutch university. In 2017, events were collected for two departments, while
in 2018, data were recorded for the entire institution. The process involves various
permits and declaration documents, all of which follow a similar flow. In this thesis,
we use the sublogs corresponding to domestic declarations [78] (BPIC20_dd) and
requests for payment [79] (BPIC20_rfp). Each trace follows a lengthy administrative
process, resulting in huge workflow nets. Compared to the BPIC13 logs, BPIC20
contains fewer traces and is shorter in length. While BPIC13 logs express almost
every possible pattern over only three or four activities, BPIC20 logs contain more
structured patterns spanning 17 and 19 activities. The larger activity set and the
diversity of patterns resultin more complex workflow nets, as depicted in Figure 4.7,
in terms of the number of transitions, places, and arcs. Consequently, the models
are less general than those of BPIC13, but the number of stochastic parameters
grows dramatically.

Road Traffic Fines Finally, the road traffic fine log [30] (Roadfines) is a well-
known real-life event log from an information system managing traffic fines. Similar
to the BPIC20 logs, Roadfines involves a large set of activities, but in this case with
an even larger number of unique traces. This results in workflow nets with a cor-
respondingly large number of nodes, as depicted in Figure 4.8 The primary source
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Figure 4.7 - Workflow net discovered from BPIC20_dd using the Inductive Miner.
Transition labels have been simplified to their initial letters.

of complexity in this model lies in the size of its state space: the net contains 906
reachable markings, compared to only 235 and 247 for the BPIC20 logs.

Figure 4.8 - Workflow net discovered from Roadfines using the Inductive Miner.
Transition labels have been simplified to their initial letters.

4.4.2 From logs to net and unfolding complexity

To provide a clearer understanding of the data structures manipulated in the
framework, namely the discovered workflow nets, their reachability graphs, and
the unfolding DAGs, their main characteristics are summarised in Table 4.2. The
table details:

+ the number of transitions, which corresponds to the number of parameters
that the framework must evaluate;

+ the size of the reachability graph, which influences the number of nodes in
the unfolding DAG and thus the elements queued and explored during the
unfolding procedure;

+ and the number of transition sequences, which denotes the number of dis-
tinct paths in the unfolding DAG that lead from the initial node (at level 0) to
any node belonging to a [sink| marking that produce a trace presentin the log.
This help evaluating the number of path that need to be considered in order
to compute the exact, restricted to the log, stochastic language of the net.
These paths are not enumerated explicitly. Different transition sequences
share many common prefixes and thus traverse the same nodes and arcs
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in the DAG. Our algorithm exploits this structure: the probability of reaching
each node is stored and propagated once (via the queue), rather than being
recomputed separately for every full path. As a result, the effective computa-
tional effort depends on the size of the unfolding (humber of nodes and arcs),
not on the combinatorial number of transition sequences.

#reachable #unfolding #transition

Event log #transitions .

markings nodes sequences
BPIC13_c 19 46 16,767 1.5-10"°
BPIC13_i 23 90 523,417 5.8-103¢
BPIC13_o 20 74 7,504 3.2-1010
BPIC17_ol 11 6 27 16
BPIC20_dd 43 235 17,254 2.6-10"!
BPIC20_rfp 51 247 45,605 1.7-1010
Roadfines 34 906 35,070 4.1-101

Table 4.2 - Characteristics of the WNs mined from the event logs described
in Table 4.1

The last two columns of Table 4.2 refer to the size of the unfolding when re-
stricted to the traces observed in the corresponding log. For instance, in the most
complex case, BPIC13_i, covering all 1,511 distinct traces from the log results in
an unfolding DAG with 523,417 nodes. These traces correspond to approximately
5.8 - 1036 distinct transition sequences encoded within the DAG. It is important to
note that this number is not a byproduct of our unfolding approach, but rather a
direct consequence of the structural complexity and behavioural richness of the
mined WN itself.

Regarding the event log, the complexity of the overall problem depends in a
non-trivial manner on several factors, including the number of distinct traces, the
number of unique activities, and the length of the traces. The discovery algorithm
used in our framework, namely, the Inductive Miner, generates a net in which each
activity is mapped to exactly one labeled transition, while all other transitions are
silent.

As a result, for example, the net mined from BPIC13_c contains 4 labeled transi-
tions (corresponding to the 4 activities in the log) and 15 silent transitions, for a total
of 19 transitions (see Tables 4.1 and 4.2). Silent transitions are essential to encode
constructs such as concurrency, choice, and loops, which allow the WN to repro-
duce traces involving varied activity orderings and repeated activities. An increase
in the number of activities naturally leads to more labeled transitions (one per activ-
ity), but it also tends to increase the number of silent transitions, since combining a
larger set of labeled transitions into a structured and sound net requires additional
control-flow logic. Furthermore, a larger number of distinct traces generally implies
greater variability in the behaviour to be captured, which again tends to increase
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the number of silent transitions needed to represent such diversity.

Regarding the analysis of the mined WNs, the number of reachable markings,
i.e., the number of states in the reachability graph, typically increases with the num-
ber of transitions in the net. However, it is important to note that two event logs
with similar statistical properties and similar numbers of transitions in their mined
nets can nevertheless result in significantly different numbers of markings, due to
structural differences in control-flow. The number of nodes in the unfolding DAG
also depends on the lengths of the traces in the log, since longer traces require
deeper exploration, thereby increasing the number of levels in the DAG. The size
of the DAG plays a critical role in both the non-memoised and memoised variants
of the optimisation framework in different ways. In the non-memoised approach,
the DAG must be reconstructed for each new weight vector to be evaluated, which
results in a substantial computational cost and contributes significantly to the over-
all runtime of the optimisation. In contrast, the memoised version performs the
unfolding only once. However, each node in the resulting DAG must store its as-
sociated probability function, along with one additional function per transition to
compute the corresponding partial derivatives. Consequently, each node stores
1+ n functions, where n is the number of transitions. This implies that the memory
requirements grow proportionally with both the number of nodes in the DAG and
the number of transitions in the net.

Going into more detail on the unfolding process (Algorithm 2), we recall that
the queue @ contains elements of the form (state, level, trace), where elements in
the queue correspond either to the same level or to two consecutive levels of the
unfolding. The number of potential elements associated with a given level depends
on two factors: the number of distinct markings reachable in exactly that number
of transition firings (which is closely related to the total number of markings in the
sWN), and the number of distinct trace prefixes that can be generated for a given
marking. A larger activity alphabet typically leads to a slower unfolding process, as
it increases the number of distinct trace variants to be tracked. Furthermore, the
structure of the mined WN plays a critical role: the greater the number of transitions
that are concurrently enabled in a given marking, the more branching occurs during
the unfolding, and the slower the process becomes. In many cases, the WN allows
for multiple transitions to be fired in any order from a given marking while reaching
the same target marking; such symmetrical behaviour can dramatically increase
the number of paths explored and thereby degrade performance. On the other
hand, restricting the unfolding to traces observed in the event log typically makes
the computation tractable, as it reduces the search space to only the behaviour that
is actually relevant. This significantly limits the number of branches explored and
helps maintain the feasibility of the approach even for complex models.

Regarding the applied distance measures, once the probabilities of the traces
are known, the time required to compute My (w) as defined in Equation (4.2), or
M, gnmp(w) as defined in Equation (4.4), depends primarily on the number of dis-
tinct traces in the event log, denoted here by n. Computing the log-likelihood term
M, (w) has linear complexity, i.e., O(n), as itinvolves a direct comparison between

87



Non- Memoised , Memoised
Memoised

Event log memoised unfolding . comp. with LH rEMD
; computation S
unfolding setup derivatives
BPIC13_c 1.12-107! 1.22 3.48-1072  8.49-107! 4.66-107* 5.69-1072
BPIC13_i 5.93 2.99-10 6.1-1071 1.95-10 3.2-1073 5.04
BPIC13_o 4.41-1072 6.46 - 1071 9.9-107% 2.48.107! 1.23-107% 1.98-1072
BPIC20_dd 1.1-107! 1.95 1.94-1072 1.04 1.53-107* 1.64-1072
BPIC20_rfp 3.1-107" 5.24 3.42-1072 216 2.05-107% 1.42-1072
Roadfines 1.74-1071 1.82 5.57-1072 2.7 3.52-107* 1.21-107!

Table 4.3 - Unfolding and distance assessment computation times mea-
sured w.r.t. real-life event logs (times are given in seconds)

the probabilities of each trace in the log and those generated by the model. In con-
trast, computing the restrited EMD M, gjrp(w) requires solving an optimal trans-
port problem between two discrete probability distributions of same size n, which
has a complexity of O(n?logn). As a result, the use of the rEMD is considerably
more computationally expensive and becomes a limiting factor when dealing with
logs containing a large number of distinct traces.

As for the overall optimisation procedure, the total number of transitions in the
mined WN (including both labeled and silent transitions) is a critical factor, as it di-
rectly determines the number of weights to be optimised and, consequently, the
dimensionality of the optimisation problem. The optimisation methods considered
in our study (see Section 4.3.1) have a runtime that is proportional to two main
components: the cost of evaluating the objective function (which involves comput-
ing either My (w) or M, gy p(w), and the number of iterations performed during
the optimisation process.

4.4.3 Execution time of calculation of the stochastic lan-
guage of an sWN and the distance measures

During the optimisation of the weights, the stochastic language of the mined
sWN and its distance from the event log must be computed repeatedly, often thou-
sands of times. In this section, we present the execution times associated with a
single evaluation of the objective function for the considered logs. These times re-
flect the cost of computing the stochastic language via unfolding and applying the
selected distance measure (either the log-likelihood or the rEMD). The total exe-
cution times for the complete optimisation procedure are discussed separately in
Section 4.5.

The execution times for the different event logs are reported in Table 4.3, with
the exception of BPIC17_o1, which is omitted due to its small size rendering the cor-
responding timings negligible. The second column, labeled non-memoised unfold-
ing, indicates the time required for a single unfolding execution that computes the
numerical probabilities of the traces produced by an sWN given a specific vector of
transition weights. The third column, titled memoised unfolding setup, corresponds
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to the execution time of a single unfolding that, instead of computing concrete prob-
abilities, builds symbolic functions. These functions can later be used to evaluate
probabilities and their derivatives for different weight vectors without repeating the
unfolding. The fourth column, memoised computation, shows the time required
to compute the probabilities of all traces using the functions generated during the
setup phase, in combination with memoisation. Finally, the fifth column, memoised
computation with derivatives, extends this by also computing the derivatives of the
trace probabilities with respect to each transition weight, which is essential when
applying gradient-based optimisation methods.

Performing the memoised unfolding setup phase (i.e., generating symbolic func-
tions for later reuse) requires significantly more time than a single non-memoised
unfolding that computes probabilities directly. In fact, the setup phase is approx-
imately one order of magnitude more time-consuming. However, this initial cost
is incurred only once and can yield substantial efficiency gains during optimisation.
This is because evaluating probabilities using the precomputed functions (as shown
in the fourth column of Table 4.3) is considerably faster than recomputing them via
repeated unfoldings (second column).

The magnitude of the speed-up varies across logs. The highest improvement is
observed for BPIC13_i, with a factor of 9.6, while the lowest is for Roadfines, with
a factor of 3.1. The ultimate benefit of this speed-up depends on the total number
of iterations performed by the optimisation algorithm, a point further discussed
in Section 4.5. As expected, when using memoisation, the computation becomes
slower when derivatives are also evaluated (fifth column vs. fourth column). This
overhead is proportional to the number of weights in the model, which equals the
number of transitions, as reported in Table 4.2.

The last two columns of Table 4.3 report the execution times required to com-
pute the distance measure (either the log-likelihood function (4.2) or the restricted
Earth Mover's Distance (4.4)) under the assumption that the probabilities of all traces
are already known. These results highlight the expected performance gap between
the two measures: computing the Kullback-Leibler divergence (column LH) is signif-
icantly faster than evaluating the restricted EMD (column rEMD). The higher com-
putational cost of the rEMD becomes particularly evident on datasets with a large
number of distinct traces, such as BPIC13_i.

4.5 Prototype tool, experiments and results

4.5.1 Prototype tool implementation

To conduct our experiments, a prototype tool leveraging the scipy.optimize pack-
age from Python as been develloped. This tool implements the optimisation proce-
dure described in Algorithm 3, which internally relies on the DAG unfolding method
presented in Algorithm 2 to search for optimal weights of a given WN model. The
source code, together with the event logs and all experimental results, is publicly
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available in the ProDiSt tool repository athttps://github.com/DocPierro/ProDiSt.
git. The main steps performed by the tool, resulting in an sSWN whose stochastic
language closely approximates that of the input event log, are as follows:

* importing an event log in the eXtensible Event Stream (XES) format;

+ discovering a WN from the log using the Inductive Miner algorithm as de-
scribed in [49];

+ optimising the transition weights of the mined WN by minimizing either the
log-likelihood or the rEMD.

For users who do not require the complete optimisation workflow, the tool also
provides standalone scripts that, given an sWN or its reachability graph, together
with a weight vector, perform a single unfolding to construct the unfolding DAG
(as illustrated in Figure 3.3 and 3.6) and compute the corresponding stochastic
language. In addition, the scripts include functionality to compute either the log-
likelihhod or the rEMD between the stochastic language of the sSWN and that of a
given event log.

If the objective is to optimise the weights, the tool offers several configurable pa-
rameters that allow users to tailor their experiments. Specifically, users can choose:

+ the optimisation method: among L-BFGS-B, TNC, Powell, or Nelder-Mead;
 the distance measure to minimize;

+ whether to use non-memoised unfolding (i.e., a new unfolding for each eval-
uation) or memoised computation (i.e., function generation with reuse);

+ whether to use exact or approximate derivatives (only applicable when mini-
mizing LH with gradient-based solvers such as L-BFGS-B and TNC).

4.5.2 LH-driven optimisation experiments

Table 4.4 presents the results of the experiments aimed at minimizing the log-
likelihood distance. Since the objective function, —log(M g (w)), is differentiable
(as shown in Section 4.2.1), both derivative-free solvers (such as Nelder-Mead and
Powell) and gradient-based solvers (such as L-BFGS-B and TNC) can be employed,
unlike in the case of rEMD minimization. Concerning the unfolding strategy, all three
computation modes can be used:

1. non-memoised,
2. memoised without exact derivatives, and

3. memoised with exact derivative computation.

However, the third mode, memoised computation of exact derivatives, is only ap-
plicable in conjunction with solvers that exploit gradients (i.e., L-BFGS-B and TNC),
as derivative-free solvers cannot benefit from such information.
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Unfolding without

Unfolding with

Event log Solver exact derivatives exact derivatives
(with and without memoisation) and memoisation
LH (EMD  time M€ irer LH rEMD  time #iter
memo
L-BFGS-B 3.59578 0.08143 913.1 2747 707 3.59206 0.08045 584.3 1160
BPIC13 TNC 3.75525 0.06595 236.5 71.6 24 3.60697 0.07969 95.9 23
_C
Powell 3.65532 0.07553 196.9 58.5 1 N/C N/C N/C N/C
Neilder-Mead 3.71574  0.09593 239.1 71.0 2962 N/C N/C N/C N/C
L-BFGS-B 8.56934 0.23281 26318.8 3507.4 324 8.56932 0.23285 4764.6 296
BPICI3 i TNC 9.49600 0.27160 192943 2309.6 33 8.57968 0.23292 3101.7 40
_1
Powell 8.57292 0.23291 56634 711.3 5 N/C N/C N/C N/C
Neilder-Mead 8.59385 0.232842 15831.7 2003.0 3715 N/C N/C N/C N/C
L-BFGS-B 3.73605 0.09615 277.2 68.0 482 3.73611 0.09613 1229 645
BPIC13 TNC 3.83865 0.09711 98.0 24.7 28 3.73668 0.09603 33.2 27
_0
Powell 3.77081 0.09961 165.2 42.5 21 N/C N/C N/C N/C
Neilder-Mead 3.74692 0.09354 95.1 235 3193 N/C N/C N/C N/C
L-BFGS-B 1.96840 0.06388 0.041 0.021 27 1.96840 0.06388 0.020 27
TNC 1.97160 0.06044  0.102 0.053 14 1.96840 0.06388 0.020 9
BPIC17_ol
Powell 1.96841 0.06391 0.041 0.022 3 N/C N/C N/C N/C
Neilder-Mead 1.97331 0.06403 0.123 0.067 1096 N/C N/C N/C N/C
L-BFGS-B 3.18660 0.08430 918.6 167.6 302 3.17347 0.08488 979.2 1514
TNC 453316 0.11375 11749 210.5 53 3.16088 0.08488 2724 65
BPIC20_dd
Powell 3.26755 0.08407  432.2 78.4 10 N/C N/C N/C N/C
Neilder-Mead 4.72365 0.15465 544.5 97.4 7547 N/C N/C N/C N/C
L-BFGS-B 443090 0.13515 2521.8 277.5 254 421441 0.11718 1353.0 1046
TNC 7.46207 0.24958 3947.0 429.1 46 4.21367 0.11717 471.3 56
BPIC20_rfp
Powell 422496 0.11716 13414 1473 9 N/C N/C N/C N/C
Neilder-Mead 6.16103 0.22893 1783.2 196.4 9108 N/C N/C N/C N/C
L-BFGS-B 3.07376 0.12904 14757 491.3 41 3.06259 0.13020 3367.7 2353
TNC 3.55017 0.09558 1104.1 3711 38 3.06127 0.13001 4769 47
Roadfines
Powell 3.06735 0.12349 314.7 103.7 6 N/C N/C N/C N/C
Neilder-Mead 3.50365 0.10738 673.0 2159 5614 N/C N/C N/C N/C

Table 4.4 - Outcomes of LH-driven optimisation experiments (bold values
denote the smallest LH measure obtained for each log)
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The starting point for each optimisation experiment was selected as the weight
vector w among 100 randomly generated candidates that yielded the lowest value
of the objective function —log(Mr(w)). For each experiment, Table 4.4 reports
in the column labelled “LH" the minimum value — log(Mp, g (wopt)) obtained at the
end of the optimisation process, and in the column labelled “rEMD" the correspond-
ing restricted Earth Mover's Distance M, g p(Wopt) for the optimised weight vector
Wopt. IN the columns labelled “time”, we also report the total execution time (in sec-
onds) required to complete the optimisation, distinguishing between experiments
performed with and without memoisation.

The variations observed across different solvers and unfolding techniques high-
light that the choice of optimisation method and unfolding strategy significantly af-
fects both the accuracy of the minimization and the overall execution time.

The first key observation is that memoised computation methods consistently
lead to significantly lower execution times compared to the non-memoised approach.
In most cases, the reduction is substantial, with speed-ups reaching a factor of 10
or more. Moreover, even when the number of iterations is relatively low (as shown
in the “iter” column of Table 4.4), the initial overhead of setting up the memoised
unfolding (see Table 4.3) is quickly amortized. For instance, in the case of BPIC17_ol
using Powell's method, a mere three iterations are sufficient to already yield a no-
ticeable execution time improvement with the memoised version.

Regarding memoised unfolding with derivatives, this option is meaningful only
for optimisation methods that can exploit gradient information. In our framework,
these are L-BFGS-B and TNC. Both solvers can either approximate the gradient nu-
merically using the objective function (see column “time memo” without exact deriva-
tives), or use a dedicated function, if available, to compute the exact gradient (col-
umn “time” with exact derivatives). In some cases, using exact derivatives results
in longer execution times. This is often due to the fact that the optimiser performs
significantly more iterations when exact gradient information is available For ex-
ample, in the case of BPIC13_c with L-BFGS-B, optimisation with exact derivatives
takes 1160 iterations (584.3 seconds), while the version using approximate deriva-
tives requires only 707 iterations (274.7 seconds). This difference arises from the
stopping criteria employed by the optimiser: minimization halts either when the im-
provement in the objective function becomes smaller than a predefined threshold,
or when the projected gradient norm becomes too small. With exact derivatives,
the optimiser more precisely identifies descent directions, which typically leads to
more iterations and a more accurate local minimum.

However, in the case of L-BFGS-B, this higher precision does not always yield
significantly better results. For example, for BPIC20_rfp, the final LH value only
improves slightly from 4.43 to 4.21. In contrast, TNC benefits more consistently
from exact derivatives. In several cases, including BPIC20_rfp, the improvement is
substantial, with the final LH value decreasing from 7.46 to 4.21, highlighting the
advantage of using analytical gradients in conjunction with this solver.

Concerning the derivative-free solvers, Powell and Nelder-Mead, it is notewor-
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thy that neither of them ever yields the best value of the objective function. Among
the two, Powell generally outperforms Nelder-Mead in terms of the obtained min-
imum, although its runtime performance is more variable: it can be either signifi-
cantly faster or slower depending on the dataset. In terms of execution time, both
solvers tend to be faster than the gradient-based methods L-BFGS-B and TNC in
many scenarios, particularly for high-complexity datasets such as Roadfines. This
makes them an appealing option when a moderate-quality solution is sufficient and
computational efficiency is a priority.

To summarize the findings derived from Table 4.4:

+ L-BFGS-B demonstrates consistent performance across all event logs and un-
folding methods. It often achieves the best objective values but does not sig-
nificantly benefit from using exact derivatives in terms of optimisation out-
come or execution time.

* TNC, on the other hand, shows a strong dependence on exact derivatives to
achieve optimal results and generally exhibits lower execution times com-
pared to L-BFGS-B.

+ Powell and Nelder-Mead, the two derivative-free solvers, yield slightly infe-
rior objective values overall but often outperform gradient-based methods in
terms of runtime, particularly on high-complexity datasets.

4.5.3 rEMD-driven optimisation experiments

Table 4.5 presents the results of minimizing the rEMD across the same event
logs, using only derivative-free solvers, since gradient-based methods are not ap-
plicable in this context. As for the LH-driven minimisation experiments, the starting
point of each optimisation was selected from among 100 randomly generated can-
didates. As expected, memoised computation significantly improves execution time
here as well, often by an order of magnitude or more.

In several cases, the optima found by the two methods differ significantly, with
Powell consistently outperforming Nelder-Mead when such differences occur. For
instance, in the case of BPIC20_rfp, Powell achieves an optimum of 0.0486, whereas
Nelder-Mead reaches only 0.416. In terms of execution time, however, Nelder-Mead
is consistently faster across all cases. When model complexity becomes excessively
high, as with BPIC13_i, optimising using rEMD becomes infeasible. This is due to the
excessive computation time required for a single rEMD evaluation (about 5 seconds
for BPIC13_1, as shown in Table 4.3), which needs to be repeated numerous times
during optimisation.

Comparing Tables 4.4 and 4.5, we observe, as expected, that the LH values ob-
tained in Table 4.4 are systematically lower than those in Table 4.5, while conversely,
the rEMD valuesin Table 4.5 are consistently better than those reported in Table 4.4.
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Unfolding without and with

Eventlog  Solver L
memoisation

LH rEMD time time memo #iter
Powell 7.073 0.050 602.83 395.60 13
BPIC13 ¢
Neilder-Mead 5.465 0.047 305.46 198.02 1715
) Powell T/0" T/0 T/0 T/0 T/0
BPIC13_i
Neilder-Mead T/0 T/0 T/0 T/0 T/0
Powell 4.0200 0.0721 153.3 89.2 10
BPIC13_ o
Neilder-Mead 3.99322 0.0722 73.2 42.3 1259
Powell 2.62802 0.01676 1.007 0.918 10
BPIC17_ol
Neilder-Mead 2.78775 0.01669 0.479 0.433 816
Powell 9.19973 0.01140 2047.0 656.1 33
BPI1C20_dd
Neilder-Mead 13.61833 0.22279 3435 105.5 3600
Powell 7.92734 0.04860 8925.1 1389.5 50
BPIC20_rfp
Neilder-Mead 20.00176 0.41604 1982.1 296.92 9183
] Powell 7.37742 0.02560 1983.1 1256.9 18
Roadfines
Neilder-Mead 5.50840 0.04878 956.1 605.8 4076

Table 4.5 - Outcomes of rEMD-driven optimisation experiments using
derivative-free methods
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4.5.4 Consistency of the optimisation outcome w.r.t. the
starting point

The optimisation engines require an initial vector of transition weights to be-
gin the search for optimal parameter values. As described in Algorithm 3, the op-
timisation starts from the best candidate selected among ny randomly generated
initial vectors. To assess the impact of the starting point on the final outcome, we
condct experiments where we evaluate the results obtained when each of the ng
random vectors is used individually as the initialization. We report these results
for two small representative event logs: BPIC17_ol and BPIC13_o. For each log, we
perform a series of LH-driven optimisations using L-BFGS-B, and another series of
rEMD-driven optimisations using Powell. Each figure illustrates the outcomes of the
no optimisation runs. In these plots, the X-coordinate corresponds to the value of
the objective distance measure before optimisation (i.e., for the initial vector), while
the Y-coordinate corresponds to the optimised value of the same distance mea-
sure. The selected set of initial vectors covers a wide range of starting values in
order to capture diverse optimisation behaviours. For each figure, we compute and
plot both the mean (1) and the standard deviation (o) of the final distances. A point
is considered an outlier if its value deviates by more than 3¢ from the mean .

Figure 4.9 gives us the result of these experiments on the log BPIC17_ol, both
on LH-driven at the top and rEMD-driven at the bottom. On this example, both opti-
misation strategies demonstrate fairly consistent behaviour. Most of the points lie
within one standard deviation (o) from the mean of the final distance (), with only
a few outliers exceeding three standard deviations. More specifically, the majority
of the non-outlier point are all really close to the Y-axis mean n. Moreover, these
plots offer valuable insight into the effectiveness of the optimisation framework by
clearly showing the improvement between the initial and final distances. This im-
provement is particularly striking in the case of rEMD-driven optimisation on the
BPIC17_ol log, where an over 26-fold reduction in the rEMD is observed (e.g., point
(0.40819,0.0154)). For the same log, the LH-driven optimisation shows more than a
threefold improvement in the LH value (e.g., point (7.34712, 1.96839)). Although the
magnitude of improvement is apparent, interpreting the improvement in LH is less
straightforward due to the unbounded nature of the LH measure.

Figure 4.10 give us the same result, this time for BPIC13_o. We observed that
this time, when it comes to LH-driven optimisation, the series of points expends a
lot around the Y-axis mean p but each of them stay in a small range not enough
for them to be outliers. Figures further shows that selecting as starting point the
weight vector with the best initial distance consistently leads to one of the best final
outcomes. This confirms the effectiveness of the initialization strategy adopted in
Algorithm 3, where ng candidates are evaluated prior to the optimisation. More-
over, the standard deviation of the final distances (i.e., the o values on the Y-axis)
remains remarkably low across all cases, indicating that the optimisation procedure
yields highly stable and reproducible results regardless of the initial point, provided
it is selected among a reasonable number of candidates.

95



BPIC17_ol (KLD_opt,L-BFGS-B)

1e-8+1.968396

19.5 %

N
©
<)

o

final_KLD

(N
85 o weds € sielotie o Vivn s bes 5 o ol @ eoes

X stats:
p=3.86+0.93
_ Range: 2.36-7.35
18.0 ® Data points (n=100)
8 Outliers (n=3) Y stats:
—=- Meany = 1968396185769 B = 1T o
t1o range Outliers: 3 points (>30)
2.0 2.5 3.0 35 4.0 4.5 5.0 55
init_KLD
BPIC17_ol (rEMD_opt,Powell)
1e-2
|
8
6
S
o 4
=
g °
2 [ ]
I N (J e @ _
TE 0T @Y VB FH B ¢ GIMIRNEEEe V5T @ae W 6 6 ¢
X stats:
|=0.26 + 0.06
. Range: 0.15-0.42
0 @® Data points (n=100)
# Outliers (n=1) Y stats:
——- Meany = 0.017094481951 = 0-01;(19‘7‘41831:%
+10 range Outliers: 1 points (>30)
0.15 0.20 0.25 0.30 0.35

init_rEMD

Figure 4.9 - Consistency of LH-driven (top) and rEMD-driven (bottom) optimisation
for the BPIC17_ol log
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Figure 4.10 - Consistency of LH-driven (top) and rEMD-driven (bottom) optimisation
for the BPIC13_o log
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We also ran the same experiment on the BPIC13_c log, which led to the same
conclusions as before. The results are provided in Appendix B.

4.5.5 Comparison with alternative methods

The problem of discovering stochastic process models from event logs has re-
cently attracted increasing attention, leading to the development of a variety of
approaches. In this section, we provide a comparative evaluation of our indirect,
unfolding-based optimisation framework against prominent alternative indirect tech-
niques. In particular, we consider:

+ the weight estimation framework of Burke et al. [21],
+ the Wasserstein-based Weight Estimation (WaWE) method [17], and

+ the SLPN Miner proposed by Leemans et al. [45].

Although all these approaches aim at deriving a stochastic model that captures the
empirical distribution of traces observed in an event log, they rely on fundamentally
different estimation principles and computational strategies. The objective of this
comparison is therefore to highlight their respective strengths and limitations, with
a particular focus on accuracy, scalability, and applicability to real-life logs.

The results of these comparative experiments are reported in two separate
tables. Table 4.6 compares our unfolding-based framework with the weight esti-
mation approach and the WaWE framework. In contrast, Table 4.7 presents the
comparison with the SLPN Miner. This separation is motivated by a fundamen-
tal difference in modelling assumptions. Both our framework, Burke's estimators,
and WaWE operate under the assumption of perfectly fitting workflow nets. Such
nets are constructed to reproduce exactly all traces observed in the log. The SLPN
Miner, on the other hand, follows a different strategy: it relies on either Directly Fol-
lows Model Mining [54] (DFMM) or the Inductive Miner infrequent [50] (IMf), both
of which may discover underfitting models. These models do not necessarily repro-
duce all traces of the event log and can deliberately abstract from, or generalise,
infrequent behaviours. Consequently, the assumptions and objectives of the SLPN
Miner differ substantially from those of the other methods, which justifies its sep-
arate evaluation. In this comparative study, we applied the following evaluation
protocol consistently across all considered methods and event logs:

1. We first discovered a WN model using the control-flow discovery algorithm
associated with each method: the standard Inductive Miner for Burke's esti-
mators and the WaWE framework, and the Inductive Miner infrequent (IMf)
for the SLPN Miner.

2. Each method was then applied to determine the transition weights of the
mined WN, thereby yielding an sWN.

3. Finally, we assessed the quality of the resulting SWN by computing LH and the
rEMD between its stochastic language and that derived from the event log.
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Unfolding based Unfolding based

Event log LH optimisation rEMD optimisation Burke's estimation [21] WaWE [17]
(L-BFGS-B method) (Powell method)
LH reMD LH reMD Best estimator LH rEMD LH reMbD

BPIC13_c 3.59578 0.08143 7.073 0.050 fork 9.84876  0.63292 12.01422 0.20864
BPIC13_i 8.56934 0.23281 T/0 T/0 Ihpair 15.21899 0.70457 48.52248 0.69046
BPIC13_o 3.73611 0.09613 4.0200  0.0721 pairs 521599 0.24232 8.22025 0.26332
BPIC17_ol 1.96840 0.06388 2.62802 0.0167 freq 5.80919 0.09871 2.12039 0.08415
BPIC20_dd 3.18660 0.08430 9.19973 0.0114 fork 25.13588 0.93164 31.15405 0.62291
BPIC20_rfp 4.43090 0.13515 7.92734  0.0486 freq 97.09419 0.98946 52.38982 0.97665
Roadfines 3.07376 0.12904 7.37742  0.0256 pairs 5.99452  0.26971 26.76204 0.47742

Table 4.6 - Comparing unfolding based optimisation with Burke's estimators
and the WaWE framework

Comparison with the Burke’s estimation. The group of columns denoted
“Burke’s estimation” in Table 4.6 reports, for each log, the best LH and rEMD scores
obtained among all six estimators, and compares them with the results produced
by the unfolding-based optimisation approach introduced in this chapter. Specifi-
cally, “freq” refers to the frequency-based estimator, “lhpair” to the left-handed ac-
tivity pair estimator, “pairs” to the mean-scaled activity pair estimator, and “fork” to
the fork distribution estimator. The results clearly show that, across all considered
logs, our unfolding-based optimisation approach yields significantly lower values
for both distance measures. This improvement is expected, since Burke’s frame-
work does not perform any search or fitting procedure. Its estimators are designed
to be lightweight and computationally efficient, but are not design to minimize di-
vergence from the empirical log distribution. Among the estimator, we didn’'t con-
sidered the alignment one for two reason. First, by examining the experimental re-
sults reported in [20], we observed that, for the logs we have in common (BPIC13_c,
BPIC13_i, and BPIC13_o), the alignment estimator performed poorly when applied
to the workflow nets discovered by the Inductive Miner. For BPIC13_i and BPIC13_o,
the reported value for the alignment estimator was “-0”, which we interpret as an
error rather than a meaningful measurement. These findings suggested that the
estimator was unreliable or, at minimum, inconsistent with the others for the logs
under consideration. Second, we were unable to obtain an implementation of the
alignment estimator from the original authors, and the technical description pro-
vided in [21] was not sufficiently detailed to allow us to reproduce the estimator
unambiguously with our current level of understanding. Given both the question-
able results reported in the literature and our inability to reconstruct the estimator
with confidence, we concluded that including it in our evaluation would not add
value and could risk misrepresenting its behaviour.

Comparison with the WaWE framework. Since WaWE depends on five hy-
perparameters that strongly influence the quality of the results, we relied on the
reference implementation provided by the authors, using the default configuration:
800 paths sampled from the model and 800 traces from the log, random initial-
ization of the weights (warm start disabled), and Phase Il disabled. The minimi-
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Unfolding based Unfolding based

Event log LH optimisation rEMD optimisation SLPN Miner [45]
(L-BFGS-B method) (Powell method)
LH rEMD LH rEMD LH rEMD
BPIC13_c 0.18812 0.00366 0.46544  0.00183 0.47738 0.16463
BPIC13_i 0.40474 0.20309 0.41811 0.19798 T/0 T/0
BPIC13_o 0.54136 0.03897 0.84106  0.02173 0.79513 0.10925
BPIC17_ol 1.78159 0.06163 2.29189  0.01653 1.89136 0.07766

BPIC20_dd 0.80139 3.67-1077 3.68165 1.97-10~7 0.82936 0.02778
BPIC20_rfp 0.76657 0.01077 413115 1.36-107° 0.78117 0.01245
Roadfines 2.81308 0.13955 3.62986  0.02444 6.20336 0.31502

Table 4.7 - Comparing unfolding based and SLPN miner optimisation on
under-fitting models

sation metric selected is the penalized Earth Mover's Stochastic Conformance [17]
(PEMSC), while all remaining parameters were kept at their default values. Given the
variability in the quality of the output produced by WaWE, we executed the discov-
ery method 30 times for each event log. For each run, we computed the resulting
rEMD, and in Table 4.6 we report the median rEMD value, in line with the experimen-
tal protocol described in [17]. In most cases, the WaWE framework yields substan-
tially worse rEMD values than our unfolding-based optimisation approach. Several
factors can explain this performance gap:

+ WaWE relies on a different variant of the Earth Mover's Distance (i.e., the pe-
nalized EMSC), which is not directly aligned with the rEMD used in our evalu-
ation;

* the selection of appropriate hyperparameter values is non-trivial and has a
considerable impact on the quality of the results; and

+ WaWE evaluates only a limited number of paths in the model, which may hin-
der its ability to capture the full stochastic behaviour, particularly for complex
or highly branching logs.

Comparison with the SLPN Miner. For the sake of simplicity, in our compar-
ative study we focused on the IMf approach only and proceeded in two directions.

First, we attempted to run the SLPN Miner on WN models discovered with a
noise threshold of 0 (corresponding to perfect fitness). With the exception of the
BPIC17_ol log, which yields a very simple model, this led to a computational bot-
tleneck: the SLPN framework was unable to construct the cross-product between
the symbolic automata representing the log traces and the reachability graph of the
net, which is required to compute their trace probabilities.
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We then conducted experiments on WN models discovered using strictly posi-
tive noise thresholds. In this setting, the SLPN framework successfully completed
the optimisation procedure for all but one of the WN models obtained with a thresh-
old of 0.2, returning an optimised weight vector for each. Subsequently, we applied
our unfolding-based optimisation framework to the same underfitting models pre-
viously processed by the SLPN Miner. It is worth noting that our unfolding proce-
dure naturally supports underfitting WN models without requiring any modification
to Algorithm 2 or Algorithm 3. The unfolding terminates once all log traces repro-
ducible by the model have been covered, and both LH and rEMD are then computed
exclusively over these reproducible traces.

Table 4.7 reports the LH and rEMD values obtained with the SLPN Miner and with
our unfolding-based optimisation approach. In all cases, both optimisation proce-
dures completed within one second of execution time. Across all considered logs,
our unfolding-based approach consistently achieved lower distance values, indicat-
ing a closer alignment between the discovered stochastic model and the event log.
Notably, for the most complex log in our dataset, BPIC13_i, the SLPN framework
failed to complete the construction of the symbolic equations, even when using
noise thresholds above 0.2.

To extend the comparative study with the SLPN Miner, we further investigate
the impact of the noise threshold on the control-flow discovery of the Inductive
Miner infrequent variant, in terms of the complexity of the resulting net. We com-
pare perfectly fitting models (with a noise threshold of 0) to under-fitting ones (with
a threshold of 0.2) across the event logs in our benchmark pool, as reported in Ta-
ble 4.8 and Table 4.9.

With the exception of the BPIC17_ol log, all under-fitting models reproduce
fewer than 5% of the traces in their corresponding logs. The impact of the noise
threshold on model complexity is substantial: the number of transitions decreases
by up to 38% (e.g., Roadfines), while the number of reachable markings drops by
as much as 86% (e.g., BPIC13_o). More critically, noise filtering eliminates loops in
4 out of the 6 models, namely, BPIC13_o, BPIC20_dd, BPIC20_rfp, and Roadfines,
whereas the corresponding non-filtered models contain loops. Since the absence of
loops rules out all traces with repeated activities, the control-flow structure is drasti-
cally simplified. As a consequence, the number of nodes in the unfolding is reduced
dramatically, by up to 99.993% in the case of BPIC20_rfp. Overall, a noise threshold
of 0.2 has a profound impact on both the structure of the discovered models and
the complexity of the subsequent optimisation process.

In summary, the experimental evidence discussed above highlights several as-
pects that warrant further consideration.

First, in order to make a fair comparison with the SLPN framework, it was neces-
sary to apply a positive noise threshold to filter out infrequent behaviours. Follow-
ing the experimental setup described in [45], we set this threshold to 0.2. Without
such filtering, and the resulting simplification of the WN models, the SLPN frame-
work is unable to complete the optimisation process.
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Second, while the results reported in Table 4.7 indicate that unfolding-based
optimisation yields models with lower LH and rEMD values, this does not necessarily
imply that our approach produces more accurate models than the SLPN framework.
Indeed, the optimisation outcome depends on the chosen objective function (LH or
rEMD in our case, versus UEMSC or ER~! for the SLPN optimiser). A more balanced
comparison would therefore require adapting one of the frameworks to operate
under the same optimisation criteria as the other.

Finally, the implications of noise filtering warrant closer examination. Although
under-fitting models may, in some cases, improve stochastic conformance (as re-
ported in [45]), the impact of noise-filtering techniques (such as IMf or DFMM) on
the discovered models is far from trivial. Without a detailed analysis of the event
log in question, it is difficult to determine whether the filtered traces correspond
to genuine noise (e.g., low-frequency anomalies or logging errors) or to meaningful
behaviour (e.g., repetitions of activities). Our experiments indicate that the latter
are frequently excluded when a non-zero noise threshold is applied, thereby sim-
plifying the models but potentially at the cost of representational accuracy.

4.6 Conclusion

In this chapter, we addressed the problem of deriving stochastic process models
that faithfully reproduce the probabilistic behaviour observed in real-life systems,
as captured by event logs. Unlike traditional process discovery methods, which fo-
cus solely on the control-flow perspective and disregard the relative frequencies of
traces, our objective was to obtain stochastic models that can reflect the likelihood
of observed behaviours.

To this end, we proposed a weight estimation framework that searches for an
optimal parametrisation of a non-stochastic workflow net, thereby producing an
sWN whose stochastic language closely matches the empirical distribution of the
log. The framework has also been extended to compute first-order derivatives of
smooth and differentiable distance measures, enabling integration with gradient-
based optimisation algorithms. Similarly, second-order derivatives can be incorpo-
rated, as defined in Appendix A, making the algorithm applicable in Hessian-based
optimisation methods. Extensive experiments on real-life event logs demonstrated
the practical effectiveness of the proposed approach. The results highlighted not
only the trade-offs between accuracy and efficiency associated with different opti-
misation strategies, but also the overall feasibility of aligning stochastic models with
empirical observations at scale.
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ProM Inductive Miner

PM4PY Inductive Miner (noise=0) (noise=0.2)

BPIC13_closed with 4 activities and 183 traces

O O @

#transitions #reachable markings #transitions #reachable markings
19 46 5 4

#unfolding nodes %modeled traces #unfolding nodes %modeled traces
16,767 100% 26 2.73%

BPIC13_incidents with 4 activities and 1,511 traces

ke SN

#transitions #reachable markings #transitions #reachable markings
23 90 9 10

#unfolding nodes %modeled traces #unfolding nodes %modeled traces
523,417 100% 42,844 2.78%

BPIC13_open with 3 activities and 108 traces

#transitions #reachable markings #transitions #reachable markings
20 74 7 10

#unfolding nodes %modeled traces #unfolding nodes %modeled traces
7,504 100% 25 4.63%

Table 4.8 - Perfectly fitting (left) and under-fitting (right) WN models discov-
ered with the inductive miner infrequent using different noise thresholds
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ProM Inductive Miner

PM4PY Inductive Miner (noise=0) (noise=0.2)

BPIC20_dd with 17 activities and 99 traces

#transitions #reachable markings #transitions #reachable markings
43 235 25 16

#unfolding nodes %modeled traces #unfolding nodes %modeled traces
17,254 100% 31 3%

BPIC20_rfp with 19 activities and 89 traces

#transitions #reachable markings #transitions #reachable markings
51 247 29 19

#unfolding nodes %modeled traces #unfolding nodes %modeled traces
45,605 100% 32 3.37%

Roadfines with 11 activities and 231 traces

#transitions #reachable markings #transitions #reachable markings
34 906 21 32

#unfolding nodes %modeled traces #unfolding nodes %modeled traces
35,070 100% 40 2.6%

Table 4.9 - Perfectly fitting (left) and under-fitting (right) WN models discov-
ered with the inductive miner infrequent using different noise thresholds
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Chapter 5

Statistical Bayesian Inference for
Stochastic Process Discovery

In the previous chapter, we addressed the problem of discovering stochastic work-
flow nets by formulating weight estimation as an optimisation task. While this ap-
proach proved effective in aligning the model with the empirical distribution of the
log, it essentially delivers only the final optimised parameter vector. No information
is retained on how the weights evolve during the search, and the resulting point es-
timate provides little insight into parameter uncertainty or the range of alternative
explanations supported by the data. Moreover, exact computations required by
optimisation-based techniques may become prohibitively expensive for large mod-
els, as the unfolding of the reachability graph can grow rapidly.

To address these limitations, this chapter explores a complementary simulation-
based approach. We propose a framework for inferring transition weight parame-
ters in a stochastic workflow net (sWN) model, denoted as S. The approach com-
bines the HASL procedure, used to approximate the stochastic language Ss gener-
ated by S, with a tailored instance of the Approximate Bayesian Computation via
Sequential Monte Carlo (ABC-SMC) inference scheme. As illustrated in Figure 5.1,
the procedure begins by applying the Inductive Miner algorithm [49] to the input
event log in order to discover a workflow net structure. This structure, which is
guaranteed to reproduce all traces from the log, is then enriched with a vector of
weight parameters w. The resulting parameterised model is then supplied to the
ABC-SMC engine, along with the hyper-parameters governing both inference and
simulation. The outcome of the framework is a set of marginal posterior estimates
for the transition weights, capturing the most plausible stochastic behaviours un-
derlying the observed log. The remainder of this chapter is structured as follows:

+ Section 5.1 introduces the HASL-based approximation of the stochastic lan-
guage generated by an sSWN.

* Section 5.2 presents the ABC framework for inferring transition weights.
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+ Section 5.3 details the estimation of the posterior distribution of the model
parameters.

+ Section 5.4 reports on a series of experiments on real-life event logs evaluat-
ing the effectiveness of the proposed framework.

+ Section 5.5 concludes the chapter and helps position this contribution with
respect to Chapter 4.

Hyper-parameters
( ) . (r S\
Event log Wf'ghts / Approximate\
Winit — Ss(w) | Approximate [ Marginal Distribution
L > del check Bayesian of optimal weight
L Inductive [ Workflow IIE3) G Computation lparametersw € Wopt
anguage = )
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Stochastic Language detector
language automaton
—
- @/ \S ))

Figure 5.1 - Stochastic process discovery based on an ABC-SMC procedure

5.1 HASL-based approximation of an sWN stochas-
tic language

The first building block of our ABC-SMC framework is the ability to efficiently
estimate the stochastic language of an sWN. In contrast to the optimisation frame-
work presented in the previous chapter, which relies on the exact computation of
the language through unfolding, the ABC philosophy is rooted in simulation and sta-
tistical estimation. This shift in perspective enables us to explore a broader range of
weight vectors, as the computational burden of exact evaluation is replaced by ap-
proximate yet scalable estimation. Therefore, we require an estimator that, given
a weight vector, can provide a reliable approximation of the stochastic language
induced by the sWN. This estimator serves as the foundation for the subsequent
inference procedure.

We rely on an HASL formula (Definition 5.3) which, by combining a dedicated
stochastic language detector hybrid automaton Ay (Definition 5.2) with a tai-
lored expression Z, allows us to approximate the stochastic language Ss to an ar-
bitrary degree of precision.

Since a stochastic language is composed of traces (i.e., sequences of activities
over a finite alphabet) while hybrid automata operate on numerical variables, a
mechanism is required to encode words as numerical values. To enable the de-
tection of the stochastic language generated by an sWN through synchronisation
with a language detector automaton, we define a mapping from words over the al-
phabet ¥ to unique integers. This mapping must be injective, so that each distinct
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word is assigned a distinct numerical value, thereby guaranteeing unambiguous
identification within the automaton.

Definition 5.1 (Word mapping) Let X be an alphabet of cardinality n, and let
fi: ¥ =N\ {0}

be an injective function assigning a unique integer to each letter. We define the
word mapping function w,, : ¥* — N as

o]

wi(o) =Y filoli]) - (5.1)
=1

where o[i| denotes the i-th activity of the word o € ¥*. This encoding is analogous
to interpreting the sequence of activity as a number written in base n.

Theorem 5.1 The word mapping function w,, : ¥* — N, defined in (5.1), is injective:
each word is mapped to a unique integer.

Proof. Let f; : ¥ — N\ {0} be an injective mapping that assigns a distinct natural
number to each activity of ¥, with |X| = n. For any word o € ¥*, Definition 5.1 yields

o]

wn(0) =Y filoli]) -n'!
i=1

Assume by contradiction that there exist two distinct words o7 # o9 such that
wm(01) = wp(o2). Let k be the first position where o1[k] # o2[k]. Because f is
injective, we have fi(o1[k]) # fi(o2lk]).

In the expression of w,,, the contribution of position % is multiplied by n*~1,
whereas all contributions from later positions are multiples of n*. Hence, the co-
efficient at position k£ cannot be cancelled or compensated by any later term. This
contradicts the assumption that w,,(01) = w,,(02). Therefore, distinct words al-
ways map to distinct integers, and w,, is injective. O

Notice that, by Definition 5.1, the mapping of a word o € * follows a little-
endian convention: the first letter of the word ¢[0] corresponds to the least signifi-
cant digitin the base-n encoding of o. It is important to note that f; must not assign
0 to any activity, as this would nullify its contribution to w,, and can break injectivity:

fila) =0 = wp(e) = wn({a)) = wn({a,a)) =0

Q Example 5.1 (Word mapping).

Let ¥ = {a, b, c} be an alphabet, and let us assume as letters’ mapping:
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then the following are examples of mapping of words in ¥*:

g

m((@,a)) =1-34+1.3' =4

(«
wm({(a,b) =1-3°4+2.31 =7
Wi ({c,b) =3-3°+2.31 =9
wim((a,b,¢)) =1-3°4+2.3' +3.32 =34
wy({c,b,a)) =3-3°+2-31+1-32 =18
Wy ((bya,c)) =2-3°+1-3"+3.3% =32
Wy ({c,a,b,b)) =3-3°4+1-31+2.324+2.33 =179

In the remainder, given a event log L and its finite language £; and a word
mapping w,, (defined on alphabet ¥ ), we denote w,,(L) C N the set of naturals to
which the words of the support 7;, are mapped.

Convex remapping. Since the mapping defined in Equation 5.1 generally produces
a non-convex (i.e., sparse) support set with a large supremum (exponential in the
length of the word), this can negatively impact the HASL-based estimation of con-
fidence intervals for the corresponding probability density function (PDF). In this
context, we are in fact dealing with probability mass functions (PMFs), as the word
mapping function we are tracking is discrete. However, we retain the term PDF
to align with the model checker terminology, which uses it as a general keyword
encompassing both PDFs and PMFs. To address this issue, we introduce a convex
remapping scheme that maps each word of a finite log L to a value in the contiguous
interval {0,1,2,---,7. — 1}, where 77, denotes the set of distinct traces in L. This
is achieved by first computing w,, (L) offline, and then reassigning each elementin
wm, (L) to a unique value within the target convex interval. In the remainder, for any
word o € 71, we denote its convex remapping as

Wem (Wi (o)) € {0,1,2,--- T — 1}

Definition 5.2 (Stochastic language detector automaton) Given S, an sWN dis-
covered from an event log L with alphabet ¥, = {a1,...,a,} (|| = n) and given
an injective mapping f; : ¥ — N\ {0}, the stochastic language estimator LHA
Agar) = (B, Loc, Init, Acc, X, flow, A, —) is defined as follows:
s Fv=XpU {T},
* Loc = Init U Ace, with Init = {lstare} and F = {lcpa},
« X ={w,wec,c,...,c,} consisting of the following n + 3 (integer) variables:
- w: mapping of detected word
- w,: convex mapping of detected word
- ¢ length of detected word

- ¢; (1 <4 < n): number of occurrences of letter a; € X, in the detected
word
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+ Each variable has a constant rate of evolution in every location:

flow(l) = (0,...,0) (VI € Loc)

* A(lstart) = true and A(lenq) = (sink==1),
+ and transition set — consisting the following n + 1 transitions:

- n self-loop synchronised transitions (with 1 < i < n) defined as follows:

{ai}, ei<li A (325 ¢j)<em, {w+= f(a;)n® c+=1; c; +=1}
lstart ” lstart

where n, [; and ¢, are constants referred to the log L (n is the number
of activity, I; is the maximum number of the i-th activity in any trace of
L, ¢, is the length of the longest trace in L).

- aself-loop synchronised with silent transitions defined as:

{r}, T, 0

l start l start

- |7z| autonomous transitions (with 1 < i < |7;|) defined as:

#; w € wn (L), {we = wem (wm(ai))}

lstart le”d

where o; € Ty is a unique trace of L, wy,(0;) € Nis its mapping and
Wem (win(07)) € N its convex remapping.

The goal of the automaton A1), depicted in Figure 5.2, is to detect, among
the traces generated by the sSWN S with which it synchronises, those that belong
to the log L, by computing their corresponding mappings. To this end, Ayq(z) is
equipped with n + 3 integer variables, whose goal is

+ variable w stores the numeric encoding of the currently scanned trace, as
defined in Definition 5.1;

* variables ¢; (for 1 < ¢ < n) count the occurrences of each activity a; as it
appears in the trace;

* variable c keeps track of the total length of the trace, measured as the number
of observed activities a;;

* variable w,,, stores the convex remapping of the trace encoding, provided
the trace corresponds to a word in L.

{a1}, ax<li A (35, ci)<cm, {an},en<In A, ci)<cm,
{w+=f(a1)n® c+=1;c1 +=1} 0 {w+=f(an)n® c+=1;cn +=1}
lstart ]('ur/
#, wE wm (L), {we =wem (wm(04))} { ]
sink==
{r},T,0

Figure 5.2 - The stochastic language detector automaton Ay,
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Each activity in the trace is observed through the traversal of a synchronised self-
loop arc on the initial location (ls4r¢). Specifically, upon traversal of the self-loop
associated with activity a;, the value of w is incremented by f;(a;)-n¢ and the general
counter c and the corresponding activity counter ¢; are increased by one.

Scanning of traces generated by an SWN model is guaranteed to terminate, ei-
ther by accepting or rejecting the currently observed trace. A trace o € X7 is ac-
cepted if and only if the following two conditions are satisfied:

1. itis produced by a sequence of transitions (t1, . .., t,,) such that the final tran-
sition t,,, leads the model to the deadlock marking by placing a token in the
designated sink place. This condition is enforced by the invariant sink ==
in the final location I.,4, and,

2. it belongs to the set of observed traces in the event log, i.e., 0 € 7. This is
operationalised by the guard w € w,, (L) on transitions from ls4,+ t0 leng-

Any other trace o € 37 \ Ty, results in the automaton blocking and, hence, it is re-
jected (thus its mapping value w is discarded). To ensure termination and to rule out
infinite traces (particularly those arising from cycles in the net), the automaton en-
forces boundedness constraints during trace scanning. Specifically, each self-loop
arc associated with activity a; is only enabled if the number of observed occurrences
of a; does not exceed its maximum in the log, i.e., ¢; < [; and the total number of
observed activities does not exceed the length of the longest trace in the log, i.e.,
> ;¢ < cm. These constraints ensure that trace detection remains finite and com-

putationally tractable.

By construction, the automaton A1) enjoys the property that the stochastic
language Ssxa,,,,,, 8enerated by the product of the SWN model S and the language
detector automaton A1), is contained within the set of traces 7., from which the
model S was discovered. In other words, the automaton detects only those traces
in S that are also present in the original event log. We formalise this guarantee in
Theorem 5.2.

Theorem 5.2 Let S be an sWN discovered with a discovery algorithm © from an
event log L then

£S><Asld(L) g 7-L

Proof. Straightforward consequence of HASL operational semantics. O

Lemma 5.1 If algorithm © used to discover S has a perfect fitness then

ESXAsld(L) = 7-L

As a consequence of Theorem 5.2, by combining the automaton A1,y with the
target expression PDF (last(w), s,l, h), where s, [, and h are respectively the size,
lower bound, and upper bound of the histogram buckets, we obtain a confidence
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sWN ( S Property

f:
~~~> HASL model checker

[PDF('w) + 6/2’ PDF(’w) _ 5/2] arbitrarily precise

approximation of Ss

Figure 5.3 - Approximation of Sgxa,,,,, via HASL model checking

interval estimator of the probability distribution with which the model S generates
the traces observed in the event log L.

Definition 5.3 (HASL stochastic language estimator formula) Given S an sWN
discovered from an event log L, we define the HASL stochastic language estima-
tor formula vy = (Asacr), PDF(last(we),1,0,|TL| — 1)), where Ay is the
stochastic language detector automaton (Definition 5.2) and w, its corresponding
word mapping variable. Notice that since w. is a discrete random variable in the
target expression PDF (last(w,),1,0,|Tz| — 1), we use buckets of size s = 1, while
we use [[,h] = [0, |TL| — 1] as support set for the sought approximation of the PDF
of we.

Q Example 5.2 (HASL-based stochastic language estimation).

Let us consider the following stochastic language corresponding to an event
log L, with alphabet ¥ = {a, b, ¢}:

Sr, = [(a,b,c>0'7, (a,c,b)m, (a,c,b, b>0'1]

Let us assume the following letter mapping f;(a) = 1, fi(b) = 2, fi(c) = 3 which
induces the word mapping:

wp({a,b,¢)) =1-3°4+2.31 +3.32 =34
Wy ({a,¢,0)) =1-3°+3-31 4 2.32 =28
wy,({a,c,b,0)) =1-3°+3-3'+2.32+2.3° =82
and the corresponding convex word mapping:
Wem (wm(<aa b, C>))

=0
wcm(wm(<a, c, b))) =1
wcm(wm((a,c,b, b))) =2

Figure 5.5(a) depicts the sSWN model corresponding to Sy, (obtained via the
Inductive Miner algorithm) while Figure 5.5(b) shows the corresponding HASL
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stochastic language estimator formula ¢, () consisting of the stochastic lan-
guage detector automaton Aq(z,,), which is based on alphabet 3 and convex
word mapping wen,, (described above) and the target formula Zg4(1,)-

We then apply the language-detector procedure to synchronize S with Agq(r.,)
and detect the occurrences of the three log traces in executions of Sy, thereby
enabling the estimation of Sg restricted to:

T = {{a,b,¢),{a,c,b),{a,c,b,b)}

source

@ wa Zsld(L):PDF(last(wc),l,O,l)

{a}, c1<1I A (35, i) <4,
D2 {w+=1-n% c+=1;c1 +=1}

We {b}, c2<2 A (3, i) <4,

wy wp i
@ {w+=2n¢ c+=1; co+=1} lstart {r}, T.,0

{c}, es<1 A (32, ci)<4,
{w+=3n%c+=1;c3+=1}

#, w=34, {w. =0}
#, w=28, {fw.=1}

ﬂ ws #, w=282, {we=2}
O

/(‘/1,(1

sink sink==1

(a) SWN Sy (b) HASL formula  ¢ge(L,)
(Asid(Lq)> Zsid(Ly))

Figure 5.5 - Model and detector used in HASL

Based on this setting, one possible synchronized run is:
mo X=(w,we, ¢, c1,c2,c3)
— ——N @
( [SOUT‘CG], lstart7 [Ov 0’ O’ 07 07 0] ) — ([plv pQ]a lStaI’ta [17 Oa 1’ 17 07 O])
b
i) ([p17p4]a lStal’tv [10a 05 25 ]-a 07 1]) — ([p3:p4]a lStaI’tv [287 Oa 35 ]-a ]-a ]-])
25y ([sink], Istart, [28,0,3,1,1,1]) 5 ([sink], leng, [28,1,3,1,1,1])
This synchronized run generates the trace (a, ¢,b) and updates the LHA vari-

ables X = (w, w,, ¢, 1, ca, c3) after each firing as shown above. The accumu-
lator w evolves as follows:

« after a, w < 1-3" = 1 and counters become (c,c;) = (1,1);
« after ¢, w <~ 1+ 33" = 10 with (¢, c3) = (2,1);
« after b, w < 10 + 2 - 32 = 28 with (¢, c2) = (3, 1).

The silent transition t5 brings the net to the terminal marking [sink] without
changing the LHA state. At this point, since the accumulated code matches the
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word value wy,({a,c,b)) = 28, the corresponding autonomous transition #
fires, moving the automaton to the accepting location l¢ng and setting w. < 1.
This value is counted in the empirical PDF of w,. and contributes to estimating
the sSWN's stochastic language.

5.2 AnABCframework for stochastic process dis-
covery

To discover optimal transition weights w for the SWN model S mined from an
eventlog L over the alphabet 1, we adapt the Approximate Bayesian Computation
Sequential Monte Carlo (ABC-SMC) parameter inference method [13]. Our adapta-
tion integrates the HASL-based stochastic-language estimator (Section 5.1) to evalu-
ate, for any parameter vector w, the language generated by the instantiated model
S(w). Concretely, the HASL component acts as a likelihood-free simulator: given
w, it produces synthetic executions of S(w) and yields an empirical approximation
§5@ of the model’s stochastic language.

We compare this simulated distribution to the log distribution Sy, using the re-
stricted Earth Mover’s Distance (rEMD), computed on the log support 7z. The pa-
rameter space is k-dimensional, with k& = |T'| the number of transitions of S; each
vector w € (0, 1] encodes an assignment of transition weights (normalised within
conflict sets). Our objective is to minimise rEMD(Sy,, Sg), and the resulting ABC-SMC
procedure progressively concentrates particles around low-discrepancy weights (Al-
gorithm 4). We denote by:

* n, the number of accepted particles required at each layer;

* k = |T|, the number of parameters (hence the particle length and the dimen-
sion of the proposal kernel);

. Wj(i), the normalized importance weight of particle j at level ;

. p;i) =rEMD (EL, EAS(w@))), the discrepancy of particle j at level i;
J

* K;(-|-), the transition (proposal) kernel at level i, taken as a truncated multi-
variate normal random walk on (0, 1]*.

* ¢;, the tolerance at level 4, and

* ( > 0, the user-defined improvement threshold.

Given a candidate w, the HASL-based procedure
CI(S(w), ¢se(L), a, 9)

produces an estimate Z‘S(@) of the model’s stochastic language, which we compare
to the log distribution £, via the restricted Earth Mover's Distance (rEMD) computed
on the log support. This relies on the HASL stochastic-language estimator described
in Definition 5.3, applied to the parametric SWN S(w) (and its synchronisation with
the language detector). The estimator is controlled by the model-checker confi-
dence level and interval width («, ), which govern the precision of ES@). To obtain
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the multivariate normal (MVN) kernel, we use Botev's minimax tilting [16], an ex-
ponential tilt chosen by a minimax rule that yields low-variance independent and
identically distributed samples from a linearly constrained multivariate normal.

Initialisation (i = 1). At the first level, we sample candidates from a uniform prior
on the parameter space (0, 1]*. Using ABC rejection with a user-defined high toler-
ance €1 (Alg. 1), we build the first set of accepted particles as follows:

—_

. Candidate draw. Sample a candidate w from the uniform prior on (0, 1]*.
. HASL estimation. Compute the estimated stochastic language

N

Ls(w) + CL(S(@), pae(L), a, 8)

w

. Discrepancy. Compute the discrepancy

p « rEMD (L‘L, ES@Q

IN

. Acceptance. Accept the candidate iff p < ¢;; otherwise discard itand resample.
Repeat the above steps until n particles have been accepted, yielding the ini-
tial set of particles

U

{wj }j=1

The initial importance weights are set to Wj(l) = 1/n, since all accepted particles
are drawn from the uniform prior and filtered only by ¢;. The prospective tolerance
for the next level is the median discrepancy of the accepted particles:

At = Median{pg.m}?:l

Sequential levels (i > 2). At the beginning of level i, the tolerance is set once for
all to the value computed at the previous level:

€ E?EXt

Then, for each particle j = 1,...,n:

1. Parent selection. Sample an index J € {1,...,n} with P(J = j) = Wj(i_l).

These particles will be used as the means of the truncated multivariate normal
distribution for the sampling of the following particle. The covariance of this
law is determined from all the accepted particles of the previous layer.

2. Proposal. Draw a candidate w* ~ K;(- | wg_l)), project it to the feasible set
(clip to (0, 1]%).

3. Simulation and acceptance. Compute ZS(W) by the HASL-based procedure and
p* « rEMD (,CL, ZS(@*))

If p* < ¢;, accept the particle and set Eg“) + w* and p;i) + p*; otherwise,
resample/propose again.
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Algorithm 4 ABC-SMC for stochastic process discovery

Require: L (eventlog), ¥, (alphabet), f; (activity mapping),
S(w) (sWN structure mined from L, parameterized by w),
n (number of particles), ¢; (initial tolerance), ¢ (improvement threshold),
K;(- | -) (transition kernel at level 1),
a (confidence level), § (interval width)

Ensure: {(@;i),W(l),pgl)) "_, approximating magc.c.,
> Notation: £5 @) — CI(S(w), ¢qe(L), a, 0) is the HASL-based estimate
of the model’s stochastic language.
> Prior (w) is uniform on the feasible set (0, 1]*.

141
Layer i = 1: obtain {w§” '_; via ABC rejection (Alg. 1), using tolerance ¢,
for j =1tondo

Ly, < CL(S@), pue(L). . 0)
5 p§1><—rEMD<£L,£ )

AR wnNn ==

) (1) 1
6: W7« &
7. end for
8: Xt = Medlan{p] )
9: repeat
10: 1—1+1
11 g et
122 forj=1tondo
13: repeat .
14: sample J € {1,....n} with P(J = j) = W'V
15: propose @* ~ K;(- | w} (- 1)) > e.g., truncated MVN on (0, 1}*
16: ES(E*) <— CI(S( )7 Spsle(L>> «, 6)
17: p* < rEMD (EL, 53(@*))
18: until p* <¢;
19: @(Z) —w*
20: py) “—p

—(1)
—. (W

21 W ;)

J

ZIIW(Z ”K( |_11)>
222 end for o -
23 normalize W(" + W(Z)/ S Wi forall j

24 et = Medlan{p]
25: untll € — ert < (

’L

J=1

26: return { (@, W' ),pgl))}j at tolerance
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4. Importance weight update. Set the unnormalized weight

(@)

n (i-1) (1) | =(i=1)
=i Wi Ki(uw | @, )

j
J

where 7 is the prior on the feasible set (uniform in our case). At level 4, the
importance weight is equal to the ratio between the target and the proposal.
The truncated target is

target proposal n
A —~ = i | (i—
(@) o« 7(w) 1{p(®) < &) w@ = > wiVK(w|wi)

After all n particles have been accepted, the importance weights are normalised,
and the prospective tolerance for the next level is set to the median discrepancy of
the particles accepted at the current level:

;" «+ Median{ pg-i) }?:1

Stopping rule and output. The sequence of layer tolerances (¢;) is non-increasing
by construction. We stop when the improvement falls below the user-defined thresh-
old ¢, i.e.,

6 — et < ¢

Upon termination, the algorithm returns the final particle set

{(wy), Wj(i)7p§.i))}?:1 at tolerance «;

This set contains the accepted particles along with their importance weights and
discrepancies, and serves as an empirical approximation of the target distribution
TABCc.,- Depending on the application, one may either inspect the posterior by
plotting marginal histograms for each transition weight, or report a point estimate:

* the best particle arg min; <<y, pEi) or,

+ the weighted mean Y7, W "

5.3 Marginal posterior distribution estimation

At the conclusion of the ABC-SMC procedure (Algorithm 4), the final population
of n accepted particles @y, ..., w, € (0,1]* together with their importance weights
Wi, ..., W, provides an empirical approximation to the posterior distribution over
the transition weights of the SWN. We use this population to construct, for each
component of the weight vector w, a marginal posterior distribution. Concretely,
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for each transition t; € T, we approximate the marginal posterior of its weight
using a histogram built from the final particles {w;}_;.

The resulting marginals enable a direct reading of model certainty. Sharp, con-
centrated posteriors indicate transitions whose weights are well-identified by the
data, whereas broad or multimodal posteriors reveal residual uncertainty or alter-
native explanations within the model. Moreover, the location of the posterior mass
is informative: distributions concentrated near 1 suggest that the corresponding
transition must fire with high probability to match the observed behaviour. In con-
trast, masses near 0 indicate a limited or negligible role in generating the target
language. We illustrate these interpretations on a simple real-world example in the
next section.

5.3.1 Example

We report the marginal posterior distributions of the transition weights for the
log BPIC17_ol, which captures a loan application process from a Dutch financial in-
stitution and involves eight distinct activities. Figure 5.6 shows the corresponding
workflow net (WN), discovered using the Inductive Miner, together with the per-
transition weight histograms. It contains eleven transitions: eight labelled with log
activities and three silent (7) transitions. For readability, activity labels are simpli-
fied as follows: Create offer (a), Offer created (b), Offer sent mail and online (c), Offer
sent online only (d), Offer returned (e), Offer canceled (f), Offer refused (g), and Offer ac-
cepted (h). Because the netis acyclic (no loops allowing a transition to fire more than
once), its stochastic language Sg is finite, which renders the estimation of transition
probabilities and their marginal posteriors numerically straightforward. Moreover,
it simplifies the interpretation of the histograms, clarifying the impact of each tran-
sition on the overall process.

Interpretation of posterior distributions. The complete log comprises 16 unique
traces. Its stochastic language, under the simplified labelling, is:

‘CBPIC17_01 — [ <CL, b, c, f>0~3806, <a7 b7 ¢ e, h>0.37917 <CL, b, c, €,g>0'082157 <CL, b, ¢ e, f>0‘055667
(@, b, /)"0, (a, b, ¢, )"0, (a,b,d, e, )" 21, (a,b,d, f)*O20,
<CL, b’ d’ g>0.00235’ <a’ b, C>0'00251, <CL, b, c, e>0.001127 <CL, b7 d, e, f>0.001447

(

a,b, )07 (4 b d e, g)0-000954 (g § 3y0000395 1y g 6>2'33X10_5 ]

All traces share the same prefix (a, b). This prefix is a pure sequence: in the SWN,
a then b fire deterministically and do not belong to any conflict set. Consequently,
the weights attached to a and b are non-identifiable from L, they do not affect the
sWN's stochastic language, and their marginal posteriors therefore mirror the prior,
yielding (approximately) uniform histograms. This is not an issue since ¢ and b do
not belong to any conflict set; their weights can be fixed arbitrarily (e.g., set to 1)
without changing the induced stochastic language. Only weights associated with
genuine conflicts are informed by the data and therefore concentrate in specific
regions.
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Figure 5.6 - WN discovered from the BPIC17_ol log
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Afterwards, the process branches into a three-way conflict: fire ¢, fire d, or skip
both. In terms of variants, seven traces take the c-branch, 7 take the d-branch, and 2
skip both. However, what matters is the probability mass: the c-branch concentrates
about 0.9235 (92.35%), the d-branch about 0.0471 (4.71%), and skipping both about
0.0294 (2.94%). This indicates that activity c is far more likely than d or neither. In the
SWN, this must be reflected in the transition weights of the corresponding conflict
set: the transition labelled ¢ should receive a much larger weight than those for
d and the “skip” transition t5. The marginal posterior histograms corroborate this
pattern: they are well approximated by a truncated Gaussian-like shape on (0, 1]
with a narrow spread, with the mass for ¢ concentrated near 1 and the masses for
d and t5 concentrated near 0, indicating that ¢ must carry substantially more weight
to reproduce the observed trace probabilities.

Whenever c or d occurs in a trace, activity e may follow. In the overall stochas-
tic language, the total probability mass of traces that contain e is 0.5420 (54.20%).
Restricting to traces where ¢ or d occurs, the probability of observing e is 0.5584
(55.84%). This implies a near equiprobability between executing e and not execut-
ing it within the ¢/d branch. Accordingly, the marginal posterior histograms for the
two competing transitions, one labelled e and its alternative tg, exhibit broad, trun-
cated Gaussian-like shapes on (0, 1], centred near 0.56 and 0.44, respectively. The
wider spread reflects weak identifiability of this conflict, due to the sWN firing seman-
tics, as within a conflict set, transitions fire with probabilities proportional to their
weights. Hence, the observable behaviour depends only on the ratio of weights,
not on their absolute values: any pair (we, wg) with the same ratio (e.g., (0.2,0.16)
and (0.5,0.4)) induces the same trace probabilities on the log support. This creates
a ridge of equivalent solutions, yielding a broad posterior. In addition, the HASL-
based language estimator has finite-sample uncertainty (controlled by («, §)), which
further widens the histograms. Increasing the simulation budget (e.g., tightening ¢
at fixed «) mitigates this effect, at the expense of additional computation time.

Finally, the process terminates in a four-way conflict among f, g, h, and t11. The
total probability mass carried by each outcome in Lgp1c17 o1 iS:

£ — 0.4861 (48.61%) g — 0.1092 (10.92%)
h — 0.4007 (40.07%) t11 — 0.0040 (0.40%)

These figures indicate that f and h dominate the terminal behaviour, whereas g
is comparatively rare and the “neither” outcome t;; is negligible. This pattern is
reflected in the corresponding marginal posterior histograms.

All these results and analyses are natural and straightforward in this setting.
However, the presence of more intricate control-flow patterns, such as loops or con-
currency, can make the interpretation markedly more difficult: multiple parameter
configurations may explain the same observed behaviour, weakening identifiability
and broadening the marginal posteriors.

Posterior evolution. Returning to the BPIC17_ol log, the histograms shown in Fig-
ure 5.6 correspond to the results obtained after 10 layers. Figure 5.7 illustrates the
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evolution of the posterior distribution constructed from the accepted weights of
transition c at layers 1, 2, 5, 6, 9, and 10. The corresponding thresholds for these
layers are 0.98, 0.26, 0.17, 0.16, 0.12, and 0.11, respectively. We can observe that
as the threshold becomes more restrictive, the accepted weights concentrate in-
creasingly around a specific area, resulting in a truncated Gaussian-like shape with
a progressively narrower variance around the mean.

5.4 Prototype tool, experiments and results

We developed a prototype implementation of the HASL-based ABC-SMC param-
eter inference scheme described in Section 5.2. To validate its effectiveness, we
conducted two types of experiments. The first set of experiments (Section 5.4.1)
evaluates the precision and computational cost of the HASL-based stochastic lan-
guage estimator introduced in Definition 5.3, considered in isolation. The second
set (Section 5.4.2) assesses the ability of the ABC-SMC procedure to infer transition
weights such that the stochastic language generated by the resulting SWN model
closely aligns with the stochastic language observed in the event log. All exper-
iments were performed on real-life event logs of varying complexity, with corre-
sponding WN models discovered using the Inductive Miner algorithm [49]. This al-
gorithm guarantees perfect fitness (equal to 1), ensuring that the discovered mod-
els are able to reproduce all traces contained in the log. The source code and ex-
perimental results are publicly available in the ProDiSt tool repository at https:
//github.com/DocPierro/ProDiSt.git. All experiments were conducted on a ma-
chine running Ubuntu equipped with a 2.60 GHz CPU.

HASL estimator engine. The prototype tool, implemented in Python, relies on the
Cosmos model checker to compute the approximate stochastic language of a given
GSPN instance. This simulation capability is integrated with a Python-based imple-
mentation of the ABC-SMC algorithm for parameter inference. Cosmos is a statistical
model checker designed explicitly for quantitative analysis of stochastic Petri nets.
Given a GSPN instance and a property expressed in HASL, Cosmos automatically
generates a dedicated C++ simulator that synchronises the execution of the net
with the automaton encoding the property. By repeatedly simulating executions,
the tool collects statistical samples of the relevant random variables and computes
estimators together with confidence intervals, according to user-specified precision
parameters («, ). This approach avoids exhaustive state-space exploration, allow-
ing for the analysis of models with very large or even infinite state spaces. In the
context of our work, we exploit this capability by expressing, in HASL, the extraction
of the stochastic language of a given stochastic workflow net.

5.4.1 Accuracy of HASL-based stochastic language estima-
tion

To evaluate the accuracy of HASL-based estimation of the stochastic language of
a given sWN model, we conducted a series of experiments using the Cosmos model

120


https://github.com/DocPierro/ProDiSt.git
https://github.com/DocPierro/ProDiSt.git
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Figure 5.7 - Evolution of the posterior distribution for transition ¢ across selected
layers of the BPIC17_o1l log
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Figure 5.8 - HASL-based stochastic language approximation: quality of the approx-
imation

checker. For each event log, we first discovered the corresponding WN N, and
then generated multiple instances S(w;) of the associated SWN by sampling ran-
dom transition weight vectors w; € [0,1]/T], where T denotes the set of transitions.

For each model instance S(w;), we approximated its stochastic language by
evaluating the HASL formula ¢4, (1) on Cosmos, with a confidence level e = 99%
and varying the confidence interval length §. The values of ¢ and § determine the
number of simulation runs required to obtain the approximation.

We then compared the resulting approximations, in terms of rEMD distance,
with the exact stochastic languages computed via the reachability graph log-driven
unfolding method introduced in Chapter 3. As shown in Figure 5.8, the accuracy of
the HASL-based estimation improves consistently as the confidence interval width §
decreases. Starting from § = 1073, the rEMD values become negligible for most logs
(rEMD < 0.001), indicating that the estimated stochastic languages converge to the
exact ones. This trend aligns with theoretical expectations, as narrower confidence
intervals yield more precise statistical estimates. However, the convergence rate
varies across logs, highlighting the influence of log-specific characteristics such as
trace variability and event frequency.
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Event log §:1071 §:1072 §:1073

#sim runtime #sim runtime #sim runtime
BPIC13_c 1808 0.21s 114009 1.68s 2001301  27.17s
BPIC13_i 1213 4.4s 106793 17.28s 2000090 252.91s
BPIC13_o 1888 0.17s 93316 0.96s 2001825  17.79s
BPIC17_ol 10493  0.14s 73516 0.31s 2008061 4.79s
BPIC20_dd 2155 0.17s 20291 0.32s 1865577  16.43s
BPIC20_rfp 1687 0.15s 4984 0.25s 204635 2.96s
Roadfines 11395 0.44s 1071154  19.55s 2000746  36.66s

Table 5.1 - HASL-based stochastic language approximation: number of sam-
pled traces and corresponding runtime

The table in Figure 5.8 reports the computational cost of these experiments in
terms of the number of simulations and runtime for each value of §. Combined with
the rEMD plot, it illustrates the trade-off between estimation precision and compu-
tational effort. Remarkably, even for a relatively large interval width (6 = 107 1), the
HASL-based method yields accurate approximations (rEMD < 0.015) within a few
tenths of a second for all logs except one. For higher precision (§ = 10~2), rEMD
drops below 0.001 for all logs, with runtime remaining under one second in 5 out of
7 cases. Only at the finest resolution (§ = 10~2) does the runtime increase signifi-
cantly, confirming the feasibility of high-precision estimations.

A key challenge in applying ABC-SMC lies in the large number of particles re-
quired at each layer, which makes the procedure computationally demanding. While
the HASL-based approximation provides accurate estimates of the stochastic lan-
guage for a given model instance, the overall efficiency of the inference process de-
pends critically on execution speed. In practice, a trade-off must be made. Rather
than aiming for extremely high precision in each simulation, the focus is placed on
obtaining sufficiently accurate estimates at a reasonable computational cost. The
use of a large number of particles across successive layers compensates for the lim-
ited precision of individual evaluations. Thanks to the probabilistic and population-
based nature of the ABC-SMC procedure, isolated estimation errors are averaged
out and become statistically negligible in the final posterior distribution. Conse-
quently, even moderately precise approximations of the stochastic language are
sufficient to guide the inference process effectively and robustly.

5.4.2 HASL-based ABC-SMC stochastic process discovery

Table 5.2 compares the outcomes of SWN parameter estimation obtained us-
ing the ABC-SMC procedure described in Section 5.2 (column “ABC-SMC opt”) with
several alternative approaches:

1. the reachability graph log-driven unfolding optimisation method from Chap-
ter 3 (“Unfolding opt”),
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Unfolding opt

Event log |72 |7 ABC-SMC opt (see Chapter 4) Burke's estimation [21] WaWE [17] SLPN Miner [45]
¢ m rEMD runtime rEMD runtime name rEMD rEMD rEMD
0.01 12 0.082 563s

BPIC13_c 183 19 0.005 17 0.081 1326s 0.04 603s fork 0.63 0.2 T/0
0.0025 24 0.062 2770s
0.01 17 0.23 9401s

BPIC13_i 1511 19 0.005 24 0.19 24427s 0.18  87086s lhpair 0.7 0.69 T/0
0.0025 32 0.18 108585s
0.01 6 0.19 61s

BPIC13_o 108 20 0.005 15 0.14 340s 0.076 137s pairs  0.24 0.26 T/0
0.0025 20 0.09 1352s
0.01 8 0.09 197s

BPIC17_ol 19 11 0.005 19 0.07 434s 0.09 1.27s freq 0.09 0.08 0.25
0.0025 29 0.04 4583s
0.01 23 0.086 2799s

BPIC20_dd 99 43 0.005 28 0.082 5007s 0.02  3946s fork 0.93 0.62 T/0
0.0025 29 0.072 4583s
0.01 14 0.58 2261s

BPIC20_rfp 89 51 0.005 28 0.28 7692s 0.41 59819s freq 0.99 0.98 T/0
0.0025 76 0.08 57634s
0.01 12 0.29 1180s

Roadfines 231 34 0.005 20 0.11 2312s 0.08 12765 pairs  0.27 0.48 T/0
0.0025 24 0.04 5201s

Table 5.2 - Comparison of rEMD distances obtained with ABC-HASL param-
eter inference against alternative approaches: best measured distances are
in bold

2. multiple weight estimators based on statistical activity relations [21] (“Burke’s
estimation”),

3. the Wasserstein weight estimator [17] (“WaWE"), and

4. the stochastic labeled Petri net miner [45] (“SLPN Miner”).

Column “|T.|" reports the number of unique traces in the log, and “|T'|" indicates
the number of transitions in the mined workflow net (i.e., the dimensionality of the
parameter space). The “rEMD” columns report the restricted Earth Mover's Distance
between the stochastic language of the optimised model and that of the log.

For “Burke’s estimation”, we considered the five estimators introduced in [21],
excluding the alignment-based estimator, and retained, for each log, the one yield-
ing the lowest rEMD value. Experiments involving the WaWE tool required the spec-
ification of five hyper-parameters that can significantly affect result quality. To en-
sure fairness, we adopted the reference settings provided in [17]. Following the
experimental protocol of the same work, we executed each WaWE experiment 30
times, computed the rEMD for each run, and reported the median value to account
for output variability. For “SLPN Miner”, the optimisation procedure failed to ter-
minate for all logs except BPIC17_ol. This was due to the symbolic computation
of trace probabilities becoming computationally intractable in complex models. In
the “ABC-SMC opt” column, ¢ denotes the improvement threshold used to deter-
mine convergence (see Section 5.2), and m refers to the number of inference layers
explored.

The results reported in Table 5.2 were obtained using N = 100 particles during
ABC-SMC optimisation. The HASL-based approximation of each model's stochastic
language was computed with a confidence level of € = 99% and a confidence in-
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terval width 6 = 0.1, which, as demonstrated in Section 5.4.1, provides sufficiently
accurate estimates while ensuring fast simulation times.

ABC-SMC consistently discovers more accurate parameter configurations (i.e.,
those yielding lower rEMD values) than “Burke’s estimation”, “WaWE", and “SLPN
Miner”. It also delivers competitive, and in some cases superior, performance com-
pared to “Unfolding opt”. While “Unfolding opt” can occasionally produce slightly
better rEMD scores, ABC-SMC remains competitive, particularly when using finer
improvementthresholds (e.g., ¢ = 0.0025), and tends to be faster for coarser thresh-
olds (e.g., ¢ = 0.01). This trade-off between accuracy and efficiency makes ABC-SMC
a practical choice in settings where both criteria are relevant.

The approach demonstrates robust performance across logs of varying com-
plexity, ranging from relatively simple cases, such as BPIC17_ol, to large-scale sce-
narios, including BPIC13_1i and BPIC20_rfp. For example, on BPIC20_rfp, which in-
volves 51 transitions, ABC-SMC achieves a better rEMD score (0.28) than “Unfolding
opt” (0.41) while requiring less than one-seventh of the runtime. Although runtime
increases with log complexity, particularly for logs with many unique traces, such
as BPIC13_i, ABC-SMC remains effective. This overhead primarily stems from the
increased support of the PDF used in Cosmos for estimating the stochastic language,
which raises the computational cost per simulation.

The particle search in ABC-SMC is inherently parallelisable, offering substantial
opportunities for runtime reduction. All reported runtimes were obtained using
16 parallel jobs. On high-performance computing infrastructures, full parallelisa-
tion, matching the number of CPU cores to the number of particles per layer, could
further reduce ABC-SMC runtimes, bringing them closer to those of other methods.
Additional experiments varying the number of particles confirmed that reducing the
particle count leads to shorter runtimes without significantly affecting rEMD values.
Conversely, increasing the number of particles tends to increase runtime, with only
marginal improvements in rEMD. While a larger number of particles can occasion-
ally facilitate faster convergence, the overall accuracy gains often do not justify the
additional computational cost. Nevertheless, increasing the number of particles im-
proves the quality of the posterior distribution over transition weights. This results
in a more refined estimation of parameter uncertainty and provides deeper insight
into the influence of each transition on the stochastic behaviour of the net.

5.5 Conclusion

This chapter introduced a simulation-based framework for stochastic process
discovery that combines HASL-based model checking with the ABC-SMC inference
scheme. This approach complements the optimisation-based techniques of Chap-
ter 4 by shifting the focus from point estimation to posterior inference, thereby
capturing the uncertainty associated with transition weights in SWN. The framework
relies on the Cosmos model checker to approximate stochastic languages through
simulation, which can be integrated seamlessly within the ABC-SMC procedure.
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We first validated the accuracy of the HASL-based stochastic language estima-
tor. The experimental results confirmed that, by tuning the confidence interval pa-
rameter 9, the estimator can approximate the exact stochastic language with arbi-
trary precision, at the cost of increased simulation time. In practice, we observed
that even moderate precision levels are sufficient for ABC-SMC to converge, since
the population-based nature of the algorithm compensates for individual estima-
tion noise.

We then assessed the performance of the complete inference framework on
real-life event logs. The experiments demonstrated that the method can recover
meaningful posterior distributions over transition weights, highlighting the most
plausible stochastic behaviours and the degree of uncertainty in their estimation.
This offers a richer interpretation than optimisation-based methods, which only
provide a single best-fit parameter vector. Moreover, the results showed that the
framework remains robust across logs of varying sizes and complexities, although
computational costs increase with the number of particles and layers required for
convergence.
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Chapter 6

Stochastic Process Trees for
Stochastic Process Discovery

As we explored in the previous chapter, existing approaches to stochastic process
discovery mostly follow an indirect strategy. In practice, they rely on standard dis-
covery algorithms to obtain a workflow net model from an event log, and then pro-
ceed by calibrating weight parameters for the transitions of the WN so that the
resulting stochastic language resembles that of the log. While effective to some
extent, this methodology presents important drawbacks. In particular, the num-
ber of parameters that need to be estimated is often unnecessarily large, and their
contribution to the corresponding stochastic language is not always clear. This sig-
nificantly complicates the optimisation or inference tasks required to fit the model
to the observed behaviour.

To overcome these limitations, we introduce the formalism of stochastic process
trees (sPTs) in this chapter. We propose to adapt the indirect discovery approach
so that it operates directly on sPTs, rather than on the corresponding WN model
obtained through mapping rules. The adoption of sPTs brings two significant ad-
vantages. First, the number of parameters required to describe the stochastic lan-
guage is substantially reduced. Second, the role of each parameter is transparent,
asitis directly tied to the control-flow operator of the process tree where it appears.
This makes parameter estimation both conceptually more precise and theoretically
more tractable.

We illustrate these benefits through a motivating example, and then provide
a formal definition of sPTs and their stochastic semantics. We further introduce
algorithms for deriving the stochastic language of an sPT, and demonstrate their
applicability to the optimisation of real-life processes. The remainder of this chapter
is organised as follows:

+ Section 6.1 introduces a motivating example that illustrates the limitations of
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WN-based stochastic discovery and the advantages of sPTs.
+ Section 6.2 defines stochastic process trees and their semantics.
+ Section 6.3 discuss the impact of silent loops on the stochastic semantics.

+ Section 6.4 describes a simulation-based method to estimate the stochastic
language of an sPT.

+ Section 6.5 presents a procedure to indirectly discover an sPT via optimisa-
tion.

+ Section 6.6 concludes the chapter.

6.1 A motivating example

Let us consider a widely used, publicly available event log, namely BPIC13_o,
which records observed executions of an incident management system at Volvo IT.
This log is part of the benchmark dataset collection used throughout this thesis. The
traces are built on an alphabet of three actions: Accepted (a), Queued (q) and Com-
pleted (c), which, respectively, refer to the acceptance, the queuing and the comple-
tion of an incident query. Figure 6.1 illustrates the process tree discovered with the
Inductive Miner algorithm from the log, while Figure 6.2 presents its translation into
a workflow net.

q C

Figure 6.1 - The PT for the BPIC13_open log obtained through the Inductive Miner
algorithm

Looking at the block structure of the WN in Figure 6.2, we observe that it con-
sists of two main parallel components. The bottom component contains an op-
tional a-loop block, while the top component further combines two parallel blocks
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Figure 6.2 - The WN for the BPIC13_open log obtained through the Inductive Miner
algorithm

containing an optional ¢g-loop and an optional c-loop, respectively. As a result, the
net is capable of generating traces that may contain an arbitrary number of a ac-
tions (issued by the a-loop in the bottom component), interleaved with an arbitrary
number of shuffled ¢ and ¢ actions (issued by the two loops in the top component).
Observe that the WN consists of 20 transitions, 17 of which are silent, while the
remaining three correspond to the activities a, ¢, and ¢. In the context of indirect
stochastic process discovery, this implies that an algorithm must determine the op-
timal values for all 20 weight parameters, taking into account how each transition
weight influences the probability of every trace in the stochastic language gener-
ated by the resulting SWN. Recall that the probability of a trace (i.e., a trace such as
(a,q,q,q,c)or {a,c,a,a,q))is obtained by summing the probabilities of all transition
firing sequences that yield that trace. The difficulty, in this respect, arises from the
likely presence of parallel blocks (modelling concurrency) and the potentially large
number of silent transitions in the discovered WN. As a consequence, many distinct
firing sequences may correspond to the same trace. From a parameter optimisation
perspective, this significantly increases complexity, since the weights of numerous
silent transitions must be considered even in situations where, due to the absence
of structural causality, their values should, in principle, not influence the probability
of the resulting trace.

Let us illustrate this phenomenon using the WN discovered from the BPIC13_o
log. Consider the sequence o1 = (a,q,c). Despite its extreme simplicity, this se-
quence can be produced by 604 firing sequences of the net. We count here the
number of complete firing sequences (including silent transitions) whose visible
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projection is precisely the word (a, ¢, c) and that terminate in marking [sink]. To
prevent extra visible labels, we do not use the local cycles through g, t9, or t11 (each
would enable an additional ¢, ¢, or a, respectively). Likewise, we avoid detours that
would remove the possibility of producing the required labels (e.g., ts or t12). The
set of used transitions is therefore:

{t1, ta, t3, ¢, t13, ta, ¢, t1a, ts, a, t1s, tig, 17}
The precedence constraints induced by the net arcs are:

t1 <ta, t1 <ts,

to <t3, t2 <ty

t3 < q<t13, tg4<c=<tut;<a<ts,
{tiz, tia} < tis, {tis,tis} < ti7,

and the visible-order constraint imposed by the target trace is:
a~<q-~c.

We must therefore count the linear extensions of this partial order to obtain the 604
different combinations.

Even for such a short trace, the number of alternative firing sequences is sig-
nificant, and each involves a non-trivial propagation of tokens through silent transi-
tions. Notice that the silent transition ¢1; (responsible for re-activating transition a,
and thus enabling multiple occurrences of a in a trace) is enabled as long as pig is
marked. Along any execution realising the visible trace (a, ¢, ¢), this occurs exactly
in the following reachable markings:

{lp1, P10, [P3, P4, P10, [Pasp5, P10, [P3, D6, P10, [P55 D6, P10,
[p47p87p10]7 [p67p87p10]7 [p87p97p10]7 [p87p127p10]7
[p11, P4, P10], [P11, P65 P10], [P11, P9, P10), (P11, P12, P10)s [P10,P13]}

This implies that the weight of ¢1; influences the probability distribution over how
activities ¢ and ¢ are executed. Moreover, this influence depends in multiple ways
on the weights of the transitions with which ¢1; is concurrently enabled. From a
logical standpoint, this is problematic: transitions ¢ and ¢ belong to blocks that are
not causally connected to ¢;;. Hence, the semantics of the sWN are responsible for
such anillogical situation that happens every time we have concurrency within more
complex patterns. A surprisingly large number of such situations already arises in
a relatively small model.

On the contrary, let us consider the PT of the BPIC13_o log in Figure 6.1, and
imagine that each arc connecting a node to one of its children is annotated with a
probability parameter p; (the parameters of the arcs outgoing from a given node
must sum up to 1). In this case, there are nine probability parameters, p; with
1 < ¢ <9, which suffice to associate a probability value with each trace that the
sPT can generate (the formal semantics will be introduced in Section 6.2). Besides
the considerable reduction in the number of parameters (9 in the PT of Figure 6.2
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Figure 6.3 - A semantically equivalent WN to that of Figure 6.2

versus 20 in the corresponding WN of Figure 6.2), which already simplifies param-
eter optimisation, the probability-enriched PT model brings an additional advan-
tage: it prevents the probability of the traces generated by the model from being
influenced by parameters of transitions that are causally unrelated (as discussed
above). In other words, within the stochastic process tree formalism introduced in
Section 6.2, the role of each probability parameter is strictly /ocal to the sub-tree
rooted at its operator. As a result, parameters have a clear and well-defined impact
on the stochastic language generated by the process tree.

Another drawback of introducing stochasticity at the WN level, rather than at the
PT level, is the lack of univocality in the discovered WN. The Inductive Miner algo-
rithm first extracts a PT from a log and then derives a corresponding WN through
mapping rules. We stress, however, that the resulting WN is not necessarily the
unique representation of the PT extracted by Inductive Miner. It is straightforward
to show that several semantically equivalent WN models can be obtained, for in-
stance, by modifying the structure produced by the mapping rules. By semantically
equivalent, we mean that both WNs generate a language with the same support.

For example, Figure 6.3 shows an alternative workflow net obtained from the
Inductive Miner mapping in Figure 6.2 by removing a few transitions and places.
Specifically, we remove

* the transitions that enable entry into the loops component {ts, t4,t5},

+ and the skip transitions for the loops pattern {¢7, t10, t12}.

We preserve the same semantics by directly connecting the transition that initi-
ates the loop to the place that enables an immediate exit from the loop, without
firing the loop body. It is straightforward to verify that the two nets are language-
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Figure 6.4 - Another semantically equivalent WN to that of Figure 6.2

equivalent (i.e., they generate the same set of traces). However, the netin Figure 6.3
is clearly less complex and contains substantially fewer transitions (11 instead of 17).
A stronger simplification is depicted in Figure 6.4, which now contains only 8 transi-
tions. We delete the loop-condition silent transitions tg, t9, and ¢11, and we contract
the exit-confirmation 7-transitions t¢;3, t14, and 15 by wiring the labeled transitions
(g, c,a) directly to their post-places (ps, pg, p10), Wwhich already feed the concurrency
exits t1g and t1;7. Because these edges are silent, this reduction preserves the visible
language. The simplified net is therefore equivalent to the original, yet substantially
smaller in size.

As a consequence, we stress that several different WNs can be obtained, each
with a different number of parameters, and these will inevitably behave differently
when it comes to parameter optimisation. By introducing the stochastic extension
of the process tree formalism, we avoid this inconvenience: the optimisation step
can operate directly at the process tree level, rather than on non-unique WN mod-
els.

For the sake of completeness, we also mention [26], where the authors investi-
gate the role of weights associated with immediate transitions in Petri nets combin-
ing timed and immediate transitions. They suggest that applying true-concurrency
semantics to non-conflicting transitions may, in some cases, reduce the number of
parameters. Although potentially relevant, these findings do not directly apply to
our setting. When determining the (visible) language of a WN, one must account for
the distinction between labeled and silent (7) transitions and for the fact that, even
for non-conflicting transitions, the firing order can affect the language whenever
both transitions are labeled (the only benign case is concurrently enabled, non-
conflicting silent transitions, whose order does not change the visible projection).
Moreover, mined WNs often exhibit markings in which transitions from different
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effective conflict sets are concurrently enabled, further limiting the applicability of
those reductions.

6.2 Definition and semantics

Aprocess treeis associated with alanguage, that s, the set of traces it can gener-
ate. To capture stochastic languages, where each trace is not only possible but also
assigned a probability, we extend process trees with probabilistic mechanisms. In
this section, we first introduce the formal definition of stochastic process trees (sPT).
We then provide intuitive explanations of the stochastic operators through illustra-
tive examples, before presenting the formal semantics of sPTs.

Definition 6.1 (Stochastic Process Tree) Let X be a finite alphabet of process ac-
tivitiesand O = {—, x, A, O} the set of process tree operators. The set of stochastic
process trees (sPTs) over X is defined inductively as follows:

* Leaf. Ifa € £g U {7}, then Q = ais an sPT.

« Sequence. If Q1,...,Q, withn > 2 are sPTs, then

Q:%(Q17Q27"'7Qn)

*+ Probabilistic choice/ parallel. If Q, ..., Q, withn > 2aresPTs,and (p1,...,pn)

is a probability distribution with p; > 0and >_7" | p; = 1, then for & € {x,A}
Q = 69(@1)' . 'aanplv"')pn)

* Probabilistic loop. If Q; and @, are sPTs and p € [0, 1], then

Q =0 (QlaQ?vp)

Before presenting the formal semantics of sPTs, we first provide an intuitive
explanation supported by simple examples. In these examples, the language of a
tree Q; is denoted by Sp,.

Leaf. Leaves represent the atomic steps of a process. They can be labelled with
either a log activity a € X or with the silent activity 7. The stochastic language of
a leaf always consists of a single trace: the empty trace € when the label is 7, and
otherwise the one-activity trace. In both cases, this unique trace has probability 1.

a/

Figure 6.5 - Q1: tree with a single ac- Figure 6.6 - Q2. tree with a single 7
tivity labelled leaf labelled leaf

The stochastic language of Q; in Figure 6.5 is S, = [(a)'], while that of Q2 in Fig-
ure 6.6 is Sp, = [¢1].
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Choice. The choice operator, denoted by x, models a decision among multiple
children where exactly one child is selected for execution. Each child is assigned a
probability, and the probabilities must sum to one. Consequently, for a choice node
with n children, the number of independent parameters is n — 1. The semantics is
as follows: first, one child is selected according to the given probabilities; then, a
trace is drawn from the stochastic language of the selected child.

Figure 6.7 - 3: a tree whose root is a choice operator.

Q@3 in Figure 6.7 represents a choice among three leaves labelled by a, b, and 7. Each
child yields a single-trace language, and the resulting stochastic language of the tree
is:

SQB _ [<a>0.5’ <b>0'2, 60'3]

Sequence. The sequence operator, denoted by —, enforces a strict left-to-right
execution order of its children. From each child, a trace is sampled according to its
stochastic language, and the resulting traces are concatenated.

0.7 0.3

a b

Figure 6.8 - 4: a tree whose root is a sequence operator

(4 in Figure 6.8 represents a choice between activities a and b, followed, due to
the sequence operator, by activity c¢. Thus, every trace begins with either a (with
probability 0.7) or b (with probability 0.3), and ends with c. The resulting stochastic
language is:

Squ = [a,¢)*7, (b,)°7

Parallel. The parallel operator, denoted by A, allows its children to be executed
concurrently in an interleaved manner. Each child is assigned a probability, and the
probabilities must sum to one. For a parallel node with n children, this results in
n — 1 independent parameters. The semantics is as follows: first, a trace is drawn
from the stochastic language of each child; then, the resulting traces are interleaved,
where the choice of the next action is guided by the probabilities assigned to the
children.
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0.6 0.4

0.8 0.2

Figure 6.9 - (Q5: a tree whose root is a parallel operator

Figure 6.9 shows a parallel between a sequence node generating [(a,b)!] and a
choice node generating [(c)?®, €%2]. The parallel operator computes all interleav-
ings between the traces of its children.

Case 1: (a, b) is interleaved with {c). Here, three distinct interleavings are possible:

* {c,a,b): The probability of selecting c as the first element of the interleaving
is 0.4. Once c is placed, the second child is exhausted, and the remainder
of the interleaving must follow the trace (a,b) from the first child. Since this
continuation is deterministic, the final probability of obtaining (¢, a,b) is 0.8 -
0.4 =0.32.

* (a,c,b): Theinterleaving begins with a (probability 0.6), followed by ¢ from the
second child (probability 0.4), and finally b. The overall probability of (a, ¢, b)
is0.8-0.6-0.4=0.192.

* {a,b,c): this case occurs when a and b from the first child are taken before ¢
from the second child. The trace (c) is selected with probability 0.8, while a
and b are chosen first with probability 0.6 each. Hence, the overall probability
is0.8-0.6-0.6 =0.288.

Case 2: (a, b) is interleaved with . Since the second child produces no visible activity,
the only resulting trace is (a, b). However, the interleaving procedure may still place
the empty contribution at different positions, leading to three distinct interleavings:

« 7 first, then q, then b with probability 0.2 - 0.4 = 0.08,
* a, then 7, then b with probability 0.6 - 0.2 - 0.4 = 0.048,
* a, b, then 7 with probability 0.6 - 0.6 - 0.2 = 0.072.

Summing these possibilities yields:

Sos ({a,b)) = 0.08 + 0.048 4 0.072 = 0.2

Resulting stochastic language. Combining both cases yields:
SQ5 — [(c,a, b>0.327 (a,c, b>0'192, <a’ b, C>0'288, <a7 b>0'2]
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Loop. The loop operator, denoted by O, has exactly two children. The left child rep-
resents the do part, which is executed at least once, while the right child represents
the redo part, executed before each repetition of the do part. The parameter p is
the probability of repeating the loop; consequently, the loop terminates with prob-
ability 1 — p. If p > 0 and the body contains non-silent actions, the loop generates
an infinite stochastic language.

0.6
a
0.9 0.1
b C

Figure 6.10 - Q¢: a tree whose root is a loop operator

In Q¢ (Figure 6.10), the left child is a leaf labelled a with stochastic language S, =
[(a)], while the right child is a choice between b and ¢, with Sy = [(b)%9, (c)!]. The
repetition probability is p = 0.6. The probabilities of the first few traces are:

Sgs((a,b,a,c,a)) = Sgs((a,c,a,b,a))
=1%.0.9-0.1-p?- (1 —p) = 0.01296,

three loops: ...

To formally define the semantics of sPTs, and in particular the parallel operator
which relies on interleaving, we first introduce a stochastic shuffler function.

Definition 6.2 (Stochastic Shuffle) Let 04,...,0, be traces over alphabet ¥, and
let (p1,...,pn) be a probability distribution with >~ , p; = 1. We denoted by:

P(Sh(ala"'>anap17"'7pn) :J)

the probability that the stochastic shuffle of traces o, . . . , o, with probabilities py, . .., p,,
yields the trace o. A shuffle can be described by a sequence of indices

S:[il,ig,...,i|0|], 1§ij§n (1§j§|0")

where i; indicates that the j-th activity of o is taken from trace o;. Given such a se-
quence s, we write R(oq, ..., 04, s) for the trace obtained by interleaving o1,...,0,
according to the order prescribed by s.
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Given a shuffling s = [i1, ..., i,], we denote by C(s, k) the set of indices of traces
that still contribute activity after position %, i.e.,

Cs k) ={ij[j >k}

Further, let S(o1,...,0,,0) denote the set of all shufflings s of traces o1, . . ., o, that
resultin o, i.e.,
S(o1,...,0n,0) ={s| R(o1,...,0n,5) =0}

With this notation, the probability that the stochastic shuffle of 4, . . ., o;, with prob-
abilities p1, ..., p, yields o is

|o]
Ds
P(Sh(o1,...,0n,P1,.--,Dn) =0) = Z H¢ (6.1)
Yy k=1 ZiEC(S,k) pi

sES(01,...s0n,0

where the product represents the probability that the shuffle proceeds exactly ac-
cording to s.

Q Example 6.1 (Stochastic shuffles of two traces).

Let o1 = (a,a,b) and o2 = (c,d) be two traces over alphabet ¥ = {a,b, c},
and s = [1,1,2,2,1], s = [2,2,1,1,1] two shuffling sequences referred to o,
and o9. A shuffling s indicates the order in which elements of the shuffled
traces should be selected while constructing the corresponding interleaving.
Therefore s = [1, 1,2, 2, 1] indicates that the interleaving shall be obtained by
first selecting an element of o; (as s[1] = 1), then appending to it the next
element of o1 (as s[2] = 1), then appending an element of oy (as s[3] = 2),
and so on, where s’ = [2,2,1, 1, 1] indicates that the first two elements of the
shuffles shall be picked from oy (s'[1] = §'[2] = 2) while the remaining three
(obviously) from o1 (s'[3] = s'[4] = §'[5] = 1). The resulting interleaving of o1
and o according to shuffle s and s’ are:

R(01,02,s) = R({(a,a,b), {(c,d),[1,1,2,2,1]) = (a,a,c,d,b)
R(o1,09,5") = R({a,a,b), (c,d),[2,2,1,1,1]) = {(c,d, a,a,b)

Given a shuffle sequence s, C(s,i) C {1,2} (with i € {1,]|s|}) indicates which,
amongst the two traces being shuffled, can still contribute to the construction
of the interleaving when the i-th element is yet to be added to the interleaved
trace. Therefore w.r.t. shuffling s = [1,1,2,2,1] and s’ = [2,2,1,1,1] of o7 and
o9 We have:

C(s,1) =C(s,2) =C(s,3) =C(s,4) ={1,2} and C(s,5) ={1}
C(s',1) = C(s,2) = {1,2} and C(s',3) = C(s,4) = C(s,5) = {1}
If we now consider the following shuffle probabilities p; = § and p, = 2 we

can compute, by application of 6.1), the probability of the the interleaving of oy
and o, resulting from shuffles s = [1,1,2,2,1] and s’ = [2,2, 1, 1, 1] as follows:

1 1 2 2 1y
P(Sh(o1,02,p1,p2) = (a,a,c,d,b)) = 1 32 132.1 32 132_%:7
§+§ §+§ §+§ §+§ 3 81
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2 2 4
P(Sh(o1,09;p1,p2) = {(¢,d,a,a,b)) ==-=-1-1-1=—

3 3 9

Notice that at step k, as long as both traces still have activities (C(s, k) = {1, 2}),
the denominator is p; + p2 = 1, yielding factors % or % Once only one trace
remains active, the denominator equals its p;, resulting in a factor of 1.

Definition 6.3 (Semantics of sPTs) Let () be an sPT. The stochastic language Sg of
Q is defined recursively as follows:

+ if @ = awith a € ¥g, then Sg((a)) = 1;
« ifQ =7,then Sg(e) = 1;
* (sequence:) if Q@ =— (Q1,...,Qn), then

So0) =" > TISa:(o;

01. ... .Op=01=1

* (choice:) if @ = x(Q1,...,Qn;P1,---,Pn), then

Sq(0) =Y piSq,(0)
i=1
* (parallel:) if @ = A(Q1, ..., Qn;p1,---,Pn), then

Sq(o) = Z (]P’(Sh(al,...,an;pl,...,pn):U)HSQZ.(UZ-)> :
i=1

01,02,..-,0n,

* (loopy) if @ =0 (Q1, Q2; p), then

m m—1
Sq(o) = > (p(ml)(l - [[Sai(e) T1 SQ2(0£)> :
i=1 i=1

meN

01.0}. o 0 om=0
The parallel operator is defined with one parameter per component and is used
uniformly throughout the shuffling. This entails the implicit assumption that the
choice of the following action is independent of the current state, i.e., of the por-
tion of the parallel block that has already been executed. Although this assumption
could be relaxed, doing so would require a substantially more complex parametri-
sation of the model.

The loop operator is defined so that the number of executions follows a geomet-
ric distribution. This choice ensures that the underlying stochastic process is memo-
ryless, which facilitates efficient non-simulation-based analysis. Suppose empirical
evidence from event logs indicates that the number of repetitions of an activity (or a
sequence of activities) is not well captured by a geometric distribution. In that case,
the formalism can be naturally extended to support alternative distributions.
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Theorem 6.1 An sPT ), satisfying the syntax in Definition 6.1 and interpreted ac-
cording to the semantics in Definition 6.3 is associated with a normalised stochastic
language.

Proof. We write Sg : £* — [0, 1] for the stochastic language induced by @ (as in
Definition 6.3). By structural induction on @) we prove that

> Solo) =
oEX*
Leaf. Let Q be a leaf labelled either by a € ¥ or by 7. By the semantics, we have a

unit mass on the one-letter trace o = (a) or on the empty trace o = ¢
Sg=[(@)' and So=I[].

In both cases, we have

> Solo) =

oex*

Sequence. Let Q =— (@1, ..., Q,) with n > 2. By induction on n, let us prove

Pm): Y Se)=Y Y [ISale)=1

oex* oEY* 01.02..... on=01i=1
* Base n = 2: By the semantics of sequence,

Z Sﬁ‘(Ql,Qz)(U) = Z Z SQl SQQ v)

ceX* TEX* wv=0

:Z ZSQI SQz v)

uEXL* vEXLF

= Z S, (u) Z 8@, (v)

ueR* ueEL*
=1.

* Induction step: Let n > 2. Assume P(n), let us prove P(n + 1):

> Sol)=3_ > ]lSalo

oeEX* oEX* 01:02-....0n=0 =1

n—1
Y ¥ (Hsmai))s@n(ow
n—1 =1

OnEX* 01°:02...:0.

n—1
n—1 =1

opEX* 01:09+...°0"

= 1 by hypothesis

= Z 8q,.(on)

onEX*
= 1.
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Choice. Let Q = x(Q1, . ..

oex*

Parallel. Let Q = A(Q1, . ..

> Sqlo) =

oex*

2. 2

TEX* T1,..y On

= Y [[salo) Y@

O1,yeey0n 1=1

7Qn7p17"'

> Solo) =

7Qn7p17 s

,Pn) Withn > 2:

Z Z}%’SQZ- (U)

06211

—ZMZSQ

= oex*
~—_——

i =1
= Zpi
i=1

=1.

, Pn) Withn > 2:

(P(Sh(gl, e Ons DLy Pn) = 0) HSQZ.(UZ»)>
=1

Sh(o-ly "7O-Tl,7p17“‘ 7pn) = J)

gex*

=1

= Z H‘SQz (01)

O1,.0,0n 1=1

(Sequence) = 1

=1.
Loop. Let Q@ =0 (Q1,Q2,p):

D Sel@) =2 D

ceX* oceEX* meN
o1 .0’1 .....O’;n

=2 >
=> pmha

meN

_ Z p(m_l)(l _

meN

=> pmha

meN

= > - p)

meN

Py
s (Hs@(a»)( S
O1;.,0m \1=1 ol,...,o!

<p(m 1)

m m—1
(p(ml)(l —p) HSQI(%) H Saa

m—1
HSQI (0:) H SQz )
i=1 =1

—_1:0m=0

>

ceX* meNoi.0]. ... .o

m—1

> ([se e T sete

0EX* 01.0]. ... .0, _1.0m=0 \i=1

11 se. (Gé))
i=1

130090 —

(Sequence) =1

) D (ﬁ Sau (%))

i=1

T15-15 Om

(Sequence) = 1
=1
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By the induction hypothesis, each sub-sPT Q; is normalised, thatis, > S, (o) = 1.
We have shown that each element of the syntax preserves normalisation. 0O

6.3 Silent loops and sPTs

In Section 3.4, we pointed out the adverse effect that the presence of loops of
silent transitions has on the reachability graph unfolding procedure to compute the
language of an SWN model. In the same spirit, we also point out the peculiar effect
of silent loops at the sPT level.

Let us consider the sPT shown in (6.2), which represents a loop construct in
which the body may execute either the visible action a or the silent action 7, with
probabilities p, and p;,, respectively. In the redo branch, the silent action 7 is exe-
cuted with probability p,,; otherwise, with probability 1 — p.,, the loop terminates.

Q=0 (®(a, T, thL’pTl)? T, p‘l‘z) (6.2)

This process indeed contains a silent loop, since there is a non-zero probability that
the action 7 is selected both in the body branch and in the redo branch of the loop.
In particular, the probability of performing a single silent iteration is p-, - p-,. The
language L generated by this process is infinite:

EQ(U) = {87 <a> <a7a>7 (a, a7a>7 - } = U {<a>k}
k=0

Because of the presence of this silent loop, each o € L corresponds to an infinite
number of possible executions of the process tree. The probability of generating a
word of arbitrary length k € N, that is, the trace o = (a)F € L is given, based on
the sum of some geometric series, by:

kit (1-pyy)

P[<G>k] - (1 — Py .pT2)k+1
For example:
(S ) (1 oy = Pl =Pr)
Ple) = pn (klzo(pm pr)™) - (1= pry) = Tp—
P = (S tonp) i (3 9 ) (1) = 00
P((a,a) = (D (pr p)™) 1o (O 0ra-Pr)™) 2 (D (0 - 1r)™) - (1= pry)
k1=0 ko=0 k3=0

P2y (1= pry)
(1 - p71p72)3
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By numerical computation, it can be verified that L is a normalised stochastic lan-

guage:
oo 1 —p.,- )
— P a k — p p’TQ 2 — 1
Ut =35 pﬁ)kﬂ

This example shows that the stochastic language generated by an sPT contain-
ing silent loops is still normalised. This confirms that the probability assigned to
any trace o correctly accounts for all possible execution paths involving arbitrary
alternations of silent and non-silent actions.

6.4 Approximation of ansPT stochasticlanguage

As repeatedly emphasised throughout this thesis, a central aspect of process
mining is to assess the conformance between the behaviour observed in the event
log and that described by the model. Building directly on the semantics of sPTs, we
introduce a stochastic simulation procedure (Algorithm 5) that generates random
samples of traces from the stochastic language of a given sPT. This procedure can be
employed to obtain arbitrarily accurate approximations of the stochastic language
generated by a given sPT, as well as to construct confidence interval estimates for
the probability of each word in the language. The recursive function SAMPLE(Q)
outlined in Algorithm 5 returns a trace sampled from Sg.

We denote by RANDOMCHOICE({1, ..., n}, (p1,-..,pn)) the operation that sam-
ples an element from 1,...,n according to probabilities p1, . .., p,, and by Random-
Geom(p) the operation that samplesm € 1,2, ... from a geometric distribution with
parameter p.

Lines 2 - 5: Leaves. In these cases, the procedure terminates immediately, return-
ing with probability 1 either the empty trace ¢ (if the |leaf is labelled 7) or the singleton
trace consisting of the activity labelling the leaf. For sPTs whose root is an operator
node, the resulting trace is instead constructed recursively. In such cases, when-
ever the operator involves probability parameters (namely x, A, and O), the proce-
dure requires sampling from the corresponding discrete distribution to resolve the
choice or interleaving.

Lines 6 - 11: Sequence. In the case of a sequence operator, the algorithm iterates
over all child subtrees. For each child @Q;, it recursively samples a trace by invoking
the procedure on ;, and appends the resulting trace to the current one. In this
way, the final trace is obtained as the concatenation of the subtraces, preserving
the left-to-right order prescribed by the sequence.

Lines 12 - 15: Choice. For a choice operator, the algorithm randomly selects one of
the child subtrees Q; according to the associated probability distribution (p1, . . ., pn).
It then recursively samples a trace from the selected subtree.

Lines 16 - 30: Parallel. For a parallel operator, the algorithm first samples one trace
from the language of each child subtree @; by recursively calling the procedure.
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Algorithm 5 Sampling a trace from an sPT

Require: A stochastic process tree @)
Ensure: Atrace o € Sp drawn according to the stochastic semantics of @

1: function Sample(Q)

_— A —_—

_— A
o N

WNNNNNNNNNDN
QLo N ARWN=OQ

w W
NA

w w

w
Ul

w
~

38:

DY N A WD

w
AN

if Q = 7 thenreturnc
end if

if Q = awith a € X then return (a)
end if

if Q =— (Q1,...,Q,) then
g ¢
fori < 1tondo
0 < 0- SAMPLE(Q;)

end for
end if
ifQ = X(Qla e 'aQnapla tee 7pn) then
i < RANDOMCHOICE({1,...,n}, (p1,...
return SAMPLE(Q;)
end if
ifQ - /\(le te >Qn7 b1, - 7pn) then
g ¢

fori < 1tondo
0; < SAMPLE(Q;)
Ji <1
end for
while E”{jk < ’Uk’ do
A—{ie{l,...,n}|ji <|oil}
k <+~ RANDOMCHOICE(A, (pi)ica)
if]k < |O'k| then
0 < 0 (ok[Jx])
Je gt 1
end if
end while
end if

if Q =0 (Q1,Q2,p) then
o < SAMPLE((Q1)

m < RANDOMGEOM(p)
fori< 1tom —1do
0 < 0- SAMPLE(()2) - SAMPLE(Q)
end for
end if

return o

39: end function

// Sequence

// Choice
. Pn))

// Parallel

// Loop
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The obtained subtraces must then be interleaved in order to form the final trace.
This is achieved through a while loop that maintains, for each subtrace, an index
pointing to the next unread activity. At each iteration, the algorithm considers the
set A of active subtraces, i.e., those for which unread activity remain. The next
contributing subtrace k € A is then selected by sampling according to the original
weights (p1,...,py) renormalized over the active set A, namely

PR
P
ZjeApj

The next activity of oy is appended to the growing trace, and the index j; is ad-
vanced. This procedureis repeated until all subtraces have been entirely consumed.

for each i € A.

Lines 31 - 37: Loop. For a loop operator, the algorithm first samples a trace from
the body (left child) @1, which initiates the construction of the final trace. Then,
it samples a value m € {1,2,...} from a geometric distribution with parameter p,
where p represents the probability of repeating the loop after each execution of the
body. Equivalently, the loop terminates with probability (1 — p) after each iteration.
The distribution of m is therefore given by

Pm =kl =p*t(1—-p) fork>1

The sampled value m determines the total number of body executions: the loop
iterates m — 1 times over the loop condition (right child) Q», followed by @4, and
finally performs one last execution of the body @, before termination.

6.5 Stochastic process tree optimisation

In previous chapters we have argued the relevance of discovering optimal (weight)
parameters for an sWN model and presented two complementary approaches to
tackle this problem: an optimisation framework for discovery of optimal weight pa-
rameters (Chapter 4) that exploit exact computation of the SWN language via RG
unfolding (Chapter 3) and a Bayesian parameter inference method which is based
on simulation-based approximations of the SWN language (Chapter 5).

Hyper-parameters

4
Trace

generator
simulator

R
Event log

probabilities (
Pinit

Process
Tree

Inductive
Miner

Optimal probability
iey parameters p € p,,,;

Language

Approximate
Sq(P)

Stochastic
language

an

Figure 6.11 - Discovery of optimal sPT parameters

Having introduced the sPT formalism, we now address the problem of discov-
ering optimal parameters for an sPT model obtained from a given log. We do so
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sWN-based
Event log log properties SWN sPT sPT-based optimisation via simulation optimisation
(see Chapter 4)

Burke's

estimation [21] WaWE[17]

Initial SPT  Optimized sPT

#traces #act #pars #pars 'EMD 'EMD runtime (s) rEMD rEMD rEMD
1,000 0.2444 0.113 144
10,000 0.2361 0.0892 496
BPIC13_c 183 4 19 10 25,000  0.2283 0.0891 1223 0.04 0.63 0.21
50,000 0.235 0.088 1988
100,000  0.2327 0.0854 3103
1,000 0.62404 0.44216 3525
10,000  0.62330 0.28088 3641
BPIC13_i 1511 4 23 " 25,000 0.64473 0.23670 4322 0.18 0.70 0.69
50,000 0.64368 0.23625 5487
100,000 0.64173 0.23647 13163
1,000 0.2666 0.2642 7
10,000 0.2562 0.1042 598
BPIC13_o 108 3 20 9 25,000  0.2606 0.0926 1551 0.076 0.24 0.26
50,000  0.2583 0.0891 3224
100,000  0.2585 0.082 6692
1,000 0.1953 0.0729 7
10,000 0.1973 0.0326 70
BPIC17_ol 16 8 m 7 25,000  0.2057 0.0271 265 0.09 0.09 0.08
50,000  0.2002 0.0193 968
100,000 0.1918 0.0458 2263
1,000 0.3594 0.2124 171
10,000 0.3482 0.1203 809
Roadfines 231 1" 34 21 25,000 0.349 0.0625 2626 0.08 0.27 0.48
50,000  0.3485 0.0986 3268
100,000  0.3467 0.0377 8020

Table 6.1 - sPT-based process discovery on real-life event logs compared
with other approaches

based on the simulation procedure given in Algorithm 5, which we use to obtain an
approximation of an sPT language issued by the considered sPT and given a param-
eter vector.

The optimisation procedure (outlined in Figure 6.11) begins with an input event
log from which its language (the set of observed traces) is extracted. A process tree
capable of reproducing all traces in the log is then discovered using the Inductive
Miner algorithm. This tree captures the control-flow structure of the process. Next,
initial parameters are randomly sampled and assigned as probabilities to the proba-
bilistic operators presentin the tree (i.e., choice, parallel, and loop nodes), resulting
in an initial sPT. These parameters are then numerically optimised iteratively. The
goal of the optimisation is to minimise the distance between the SL generated by
the sPT and the SL derived from the event log. At each iteration, the optimisation en-
gine approximates the stochasticity of emissions by the sPT (with given probability
vector p) by sampling n executions of the sPT via Algorithm 5. The process continues
until the rEMD distance between the log's and the sPT languages converges below
a chosen upper bound e.

6.5.1 Experiments

To evaluate the sPT optimisation framework, we conducted a series of exper-
iments using real-world event logs of varying complexity. Table 6.1 summarises
the relevant statistics concerning the considered logs: column #traces reports the
number of distinct traces, and column #act the number of distinct activities. Col-
umn sPT_#pars shows the number of parameters in the mined sPT. To highlight the
parameter reduction achieved by the sPT formalism, column sWN_#pars reports
the number of parameters (weights) in the corresponding sSWN models. In practice,
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sPTs reduce the parameter count by approximately 40%-50% compared to sWNs.

Optimisation of the sPT parameters was carried out by varying the number of
sampled traces N (column N) used to approximate the stochastic language at each
iteration. As initial parameters, we retained the configuration with the best rEMD
among 10 randomly generated ones. In light of the non-differentiability of rEMD
(see Section 4.2.2), we employed Powell's method, which is particularly well suited
for objectives where gradient-based techniques are less effective. Columns sPT-
based optimisation via simulation report the initial rEMD, the final rEMD after opti-
misation, and the corresponding execution times. As expected, increasing N con-
sistently improves the final rEMD values, though at the cost of longer runtimes.

Table 6.1 also compares our approach against three alternative methods, all of
which operate on sWNs. Although these methods involve a larger number of pa-
rameters, thus making optimisation more complex, they offer greater modelling
flexibility. For each method, we report the rEMD of the optimised sWN. Since they
are not simulation-based, the parameter N does not apply. The column sWN-based
optimisation corresponds to the approaches described in Chapter 4, which optimise
weights by minimising rEMD using an unfolding technique to compute the stochas-
tic language of the SWN exactly. Despite the significantly smaller number of param-
eters, sPTs outperform these approaches on two of the logs. The column Burke’s
estimation refers to the work of [21], which defines six weight estimators by com-
bining simple log statistics with structural features of the mined sWN. We report in
the table the estimator yielding the best rEMD value, excluding the alignment-based
estimator. While Burke's method is computationally very efficient, it provides a poor
approximation of the log's stochastic language. Finally, the column WaWE compares
our approach to the method in [17], which optimises weights using subgradients of
the Earth Mover’s Stochastic Conformance measure. Since WaWE requires tuning
five hyperparameters that strongly affect its performance, we relied on the authors’
reference implementation. The rEMD values obtained are substantially worse for
most logs, which can largely be explained by the fact that the optimised measure is
not precisely equivalent to rEMD.

All experiments were conducted using the ProDiSt prototype tool, publicly avail-
able together with the event logs at https://github.com/DocPierro/ProDiSt. For op-
timisation, the tool relies on the scipy.optimize package, which provides several
optimisation algorithms.

6.6 Conclusion

In this chapter, we introduce the stochastic extension of process trees, a novel
formalism that provides a more compact alternative to stochastic workflow nets.
Starting from the definition of the syntax, which is obtained by enriching process
tree operators (sequence, choice, parallel, loop, and leaf) with probabilistic param-
eters, we then formalised the semantics by outlining the stochastic language issued
by the stochastic extension of each tree operator. Based on the sPT semantics,
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we then defined a simulation-based procedure for sampling traces of a given sPT
model, demonstrating that such a simulation procedure can be used to obtain an
arbitrarily precise approximation of the stochastic language generated by an sPT
model. Within an optimised discovery framework that relies on methods to ap-
proximate its stochastic language.

Compared to stochastic workflow nets, sPTs offer a more structured represen-
tation where concurrency and repetition patterns are made explicit. This facilitates
both the analysis of stochastic behaviours and the design of algorithms that exploit
the tree structure. However, challenges remain regarding the tractable treatment
of infinite behaviours induced by loops and the combinatorial explosion of parallel
interleavings.

Altogether, stochastic process trees provide a unifying and flexible formalism for
reasoning about probabilistic process models. They lay the foundation for discovery
techniques that operate directly on tree-structured models, as well as for transfor-
mations into other stochastic formalisms, such as workflow nets or stochastic Petri
nets.
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Chapter 7

Conclusion

The ability to account for the probabilistic nature of a real-life process is of paramount
importance within the process mining domain, especially when quantitative anal-
ysis of performance metrics is a relevant factor in validating a process. Suppose
classical process discovery has proven a successful story leading to many effective
methods [/1, 86, 49, 76] for extracting models capable of capturing control-flow as-
pects contained in the observed executions of a process. In that case, it inherently
falls short when considering the stochastic dimension of the phenomenon.

Such a deficiency has led to a growing interest in the research community in
the stochastic extension of the process discovery problem, with several contribu-
tions being presented in recent times [21, 22, 17, 45]. Accounting for the proba-
bilistic dimension of a log means deriving a stochastic model that reliably repro-
duces not only the control-flow aspects of the observed traces but also the likeli-
hood with which they have been observed. Independent of the considered formal-
ism, stochastic process models are characterised by a vector of parameters that
affect the stochastic character they exhibit. More concretely, the parameters of a
stochastic model govern how the probability mass is distributed over the words of
the language they emit.

In this respect, then, assuming a control-flow model is given, the core of the
stochastic process discovery problem consists of identifying optimal parameters
such that the corresponding stochastic extension of the model distributes the prob-
ability mass over the words it generates in a way similar to how the probability mass
is distributed over the traces in the log. In other words, stochastic process discovery
boils down to an optimisation problem based on an objective function that accounts
for similarity between (discrete) probability distributions, such as, for example, the
Earth Mover's Distance [52, 53] or the entropy relevance [63, 46, 5].

The discovery of optimal parameters for a stochastic process model is hindered
by two correlated pitfalls that affect the complexity of the task: determining the
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model’s stochastic language and the dimension of the parameter space (i.e., the
number of parameters in the model). Clearly, the more complex the model is, the
larger its parameter space and the harder it is to assess its language.

In an effort to contribute to advancements in tackling the stochastic process
discovery problem, this thesis presents a number of contributions addressing the
pitfalls that undermine this problem. Specifically:

Exact computation of an sSWN language. In the realm of stochastic workflow nets,
arguably the most popular class of models used in process mining, we introduced a
method for computing the exact probability of the traces emitted by an sSWN model
instance (i.e., an sWN equipped with a specific vector of weight values for its tran-
sitions). This approach is based on a breadth-first traversal of the SWN reachability
graph; hence, it allows for exhaustively unfolding all traces emitted by an sWN while
propagating the numerical computation of the probability of the unfolded traces,
on the fly, as they are unfolded. To ensure termination, the proposed method can
be adapted to take into account different stopping criteria, such as halting the un-
folding as soon as the mass of probability of the (currently) unfolded traces meets
a given lower bound. Since, in our implementation, we assumed the procedure
would operate on perfectly fitting models, we opted to terminate the unfolding as
soon as all traces of the log have been unfolded. Therefore, in practice, given a log,
a perfectly fitting WN model obtained from it and a specific vector of weights for the
model's transitions we established a computational framework through which one
can compute the exact probability with which the log's traces occur in the model.
Notice that in most cases the probability that the log's traces have to occur in the
model do not sum to 1, therefore a normalisation step is necessary in order to plug
the result of such computation within an optimisation framework. The main ad-
vantage of this method is that, unlike approaches aimed at deriving symbolic ex-
pressions for the probability of an sWN transition [45], which suffer from a major
scalability issue, it has proven effective on models extracted from commonly used
benchmark logs. To improve efficiency, we then developed an evolved unfolding
procedure through which, rather than storing the numerical values of the probabil-
ity of each trace being unfolded, we store the function (of the weight parameters)
that allows us to compute the corresponding probability value given a vector of
weight values. This allows for avoiding the reiteration of unfolding when evaluating
the trace probabilities for different weight vectors. When the DAG is built once for
a given sWN, it can be reused to retrieve the language induced by a specific weight
vector (also allowing to avoid re-iterating identical computations thanks to memo-
isation). Despite such much improved computational efficiency, the main issue of
the unfolding approach, on the other hand, is in terms of space complexity, as the
size of the DAG constructed via unfolding can explode depending on the character-
istics of the log (hence of the structure of the sWN), limiting the applicability of the
method on complex sWN models.

Discovery of optimal weights for an sSWN model. Relying on the exact computa-
tion of an sWN language, we then defined a framework to discover optimal weights
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for a given sSWN model. To this aim, we considered two types of objective functions.
The first one is a customised version of the Earth Mover's Distance (EMD), which
we named restricted EMD (rEMD) as it only accounts for the intersection between
the model’s and the log's traces while computing the minimal amount of probability
mass to be moved. The second is a differentiable function, the log-likelihood func-
tion, derived from maximum likelihood estimation, which evaluates the probability
that the SWN generates the observed event log. The optimisation scheme will rely
on both gradient-based and non-gradient-based solvers to explore the parameter
space and refine the weight vector assigned to the SWN, aiming to minimise one of
the metrics. At each step, the solver proposes a new weight vector, and the model's
conformance is evaluated by applying the unfolding procedure.

Simulation-based inference of optimal weights for an sWN model. To overcome
the limitations of potentially costly numerical computations in an sWN language, we
have considered applying a simulation-based alternative. Classically, the advantage
of employing a simulation-based approach is that one can trade precision for run-
time. Therefore, we introduced a novel method that, relying on statistical model
checking, allows us to obtain an arbitrarily precise approximation of the probability
of the traces generated by an sWN. Such an approximation is then combined with a
Bayesian parameter inference scheme that enables an efficient exploration of the
parameter space, driven by a given stochastic conformance criterion (in our imple-
mentation, the rEMD). We have validated the approach through experiments run
using workbench event logs, showing that for several logs it outperforms the ex-
act computation-based optimisation method, that is, identifying transition weights,
which results in smaller rEMD (with comparable runtime).

Reducing the parameter space dimension by means of the stochastic process
tree formalism. A critical aspect of WN models discovered from a log is that, as a
consequence of the discovery strategy, they often turn out to be filled with many re-
dundant silent transitions. Such transitions can often be considered as redundant
because, other than sensibly playing a role in allowing to reproduce the control-
flow characteristics of the log's traces, they also induce a potentially large number
of interleavings for given traces that the SWN model emit (i.e. due to redundant
silent transitions there may be several ways for an sWN model to generate a very
same trace). This is certainly the case for nets generated via the inductive miner
algorithm, which indeed result from a mapping step through which a discovered
process tree is translated into an equivalent WN. To mitigate this downside, we in-
troduced the stochastic extension of process trees, which is the source formalism
from which WN is derived within the inductive miner. The advantage of stochas-
tic process trees is twofold. On one hand, they reduce the number of parameters
that the models depend on (which is clearly beneficial when it comes to searching
for optimal parameters) and, perhaps even more importantly, they eliminate the
ambiguity of redundant silent SWN transitions. Based on the formalisation of the
sPT syntax and semantics, we then defined a stochastic simulation procedure that
allows for sampling traces emitted by an sPT model. Based on this, we developed a
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simulation-based engine to discover optimal parameters for an sPT model.

7.1 Scientific positioning

This section positions the proposed work with respect to three closely related
families of approaches: Burke's stochastic estimators, WaWE, and the SLPN Miner.

Although all methods presented in this thesis rely on optimisation to infer prob-
abilistic behaviour, the rationale behind Burke's estimators differs substantially.
Burke’s approach relies on the relationship between trace patterns observed in the
log and how these patterns are represented in the workflow net, without perform-
ing global optimisation on model parameters. Instead, it computes stochastic esti-
mators derived from the structural correspondence between traces and model con-
structs, whereas our methods explicitly optimise a distance between the model's
induced stochastic language and the log.

On the other hand, WaWE and the SLPN Miner are conceptually closer to the
unfolding-driven optimisation methods introduced in this thesis, as they also rely
on explicit optimisation schemes to infer probabilistic information. WaWE formu-
lates the learning of transition weights as an optimisation problem and employs
subgradient ascent to maximise the model conformance measure. Similarly, the
SLPN Miner uses classical global optimisation techniques in practice to estimate
transition weights within the discovered stochastic workflow net. Below we sum-
marise the principle differences between the WaWE approach, the SLPN Miner ap-
proach and the various approaches for stochastic process discovery introduced in
this manuscript. We do so w.r.t. two perspectives: the conformance criteria used
to drive the optimisation process and the method used to determine the stochastic
language generated by a model instance.

+ Conformance metric. Each of the above mentioned methods employ a dif-
ferent conformance metric as its objective function, depending on its specific
needs and methodological requirements. When it comes to WaWE, which
builds upon the EMSC score, a well-known drawback of EMSC is that it al-
lows optimisation procedures to exploit probability reallocation. When the
model admits many (possibly infinite) alternative traces, the objective can be
improved by shifting probability mass away from log traces toward nearby
model traces not present in the log, without actually improving the similarity
between the stochastic languages. WaWE addresses this issue by relying on
a penalised EMSC formulation, which explicitly penalises probability assigned
to model traces outside the log, thereby preventing such degenerate reallo-
cations and stabilising the optimisation. The SLPN Miner addresses this issue
by relying either on the unit EMSC or on the entropy relevance measure. In
contrast, all methodologies introduced in this manuscript avoid this problem
by operating exclusively on the restricted language of the log through the use
of the so-called restricted Earth Mover's Distance or the log-likelihood. These
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strategies also come with drawbacks, the first being that requiring perfect
fitness for the model is a strict and often difficult condition to satisfy. The
second drawback is that they introduce a bias in the metric: by completely ig-
noring model behaviours that are not supported by the log, and by not apply-
ing any penalisation to those behaviours, the resulting distance is necessarily
biased in a way that is difficult to quantify.

Determination of the stochastic language of an sWN instance. A more
pronounced difference lies in a crucial aspect of the overall strategy: the
method used to extract the stochastic language of the sWN with respect to
a given weight assignment. Since the optimisation step requires computing
these stochastic languages a large number of times, the extraction procedure
must be as efficient as possible. WaWE operates through the simulation of a
fixed number of net paths. Simulation is one of the fastest and simplest ways
to approximate the stochastic language, but the quality of this approximation
has a significant impact on the effectiveness of the optimiser. Poorly approx-
imated languages can misguide the optimisation process, leading either to
slow convergence or to sub-optimal solutions. The SLPN Miner uses a series
of automaton structures, one for each trace in the log, that symbolise the be-
haviour of each log trace. Then, through a cross-product with the reachability
graph of the net, it obtains a compact and highly effective representation of
the underlying equation system induced by the stochastic semantics. How-
ever, the main limitation of this representation is that the cross-product can
grow rapidly as the size and complexity of the log language increase. As a
result, the approach quickly becomes infeasible when dealing with real-life
event logs that require perfect fitness and contain a vast number of distinct
traces. The unfolding strategy can be compared to this cross-product con-
struction, as it also explores the reachability graph in detail, guided by the
traces of the log, and the resulting DAG contains all the information required
to reconstruct the corresponding system of equations. The difference, how-
ever, lies in the computational profile. This DAG is significantly more expen-
sive to construct for logs of reasonable size than the automaton-based struc-
ture used by the SLPN Miner; however, it scales much better as the log grows
larger or contains highly diverse behaviour.

When it comes to ABC-SMC model inference, the contribution is of a very dif-
ferent nature. ABC-SMC can efficiently explore the weight-vector space and identify
regions that lead to models whose stochastic language closely matches that of the
log, without requiring explicit gradients or analytical optimisation objectives. The
simulation strategy used in this context, based on statistical model checking, is also
novel but remains conceptually close to common sWN simulation approaches used
in the community, such as the path-simulation procedure employed by WaWE.

Finally, approaching the discovery problem through the optimisation of stochas-

tic process trees can be compared to the strategy employed in the Toothpaste Miner.
The definition of probabilistic process trees in that work is very close to the one
adopted in this thesis. The main difference lies in how stochasticity is expressed:
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the Toothpaste Miner assigns weights to nodes and leaves to emulate the spirit of
sWNs, which makes the resulting structure easy to transform into an SWN, whereas
the sPT formalism used in this thesis works directly with probabilities, which sim-
plifies the semantics and makes the computation of the stochastic language more
tractable. This difference arises because the Toothpaste Miner treats the process
tree as anintermediate step in discovering an sWN. In contrast, in this thesis, the sPT
is considered an end in itself for the time being (the problem of defining translation
rules to an equivalent sSWN model has not been treated in this thesis). Beyond this,
the sPT is discovered through an optimisation step that aims to maximise its con-
formance to the log, whereas the Toothpaste Miner relies on predefined reduction
rules to refine the complexity of the tree while maintaining a conformant model.

7.2 Future perspectives

Despite the advances represented by the contributions discussed above, several
extensions and open issues remain for future work in stochastic process discovery.

Extending the experimental evaluation. Arelatively straightforward direction for
future work is to broaden the experimental evaluation of all proposed methods to
a larger and more diverse set of event logs, varying in size and complexity. We also
aim to assess the behaviour of our approaches on specific real-life case studies,
as well as on synthetic logs intentionally designed to exhibit atypical or challenging
behaviours, such as deeply nested loops, intricate concurrency patterns, or rare ex-
ceptional traces. Such experiments would help identify shortcomings that cannot
be observed within the current benchmark set.

Exploring alternative stochastic conformance measures. In the same spirit, we
plan to extend our methods to support additional stochastic conformance and dis-
tance metrics, such as the entropic relevance [46], which has proven to be one of the
most effective and widely adopted approaches for quantifying similarity between
stochastic languages.

Handling silent transitions in the unfolding of sWNs. Throughout this work, one
of the most significant challenges encountered when dealing with sWNs concerns
the presence of silent 7 labelled transitions. The drawbacks introduced by such
transitions were, in fact, the initial motivation that led us to explore the sPT for-
malism. In the context of the unfolding procedure described in Chapter 3, silent
transitions are the leading cause of the exponential growth in the size of the gener-
ated and explored DAG. In the short term, we are investigating improvements to the
unfolding procedure aimed at effectively “removing the silence” from the workflow
net's reachability graph. The idea is to derive from the reachability graph annotated
with switching-marking probabilities a reduced unfolding DAG that omits redundant
silent behaviour. In a subsequent step, we plan to represent the reachability graph
as a stochastic transition matrix capturing the likelihood of moving between mark-

154



ings, and to perform a matrix decomposition to separate the contribution of each
transition. This would allow us to measure the influence of silent transitions on the
overall stochastic behaviour of the net, and ultimately handle them more effectively.

Better exploitation of the ABC-SMC marginal posterior distribution of optimal
weight parameters. Most indirect stochastic discovery methods are designed to
return a single local optimum in the stochastic parameter space, providing limited
insight into the broader landscape of possible solutions. In contrast, the ABC-SMC
approach yields a more informative outcome, producing an approximation of the
full posterior distribution over the weight parameters. Henceforth, we actually use
only a small amount of this information for the discovery. The posterior not only
identifies regions of high probability, which correspond to near-optimal parameter
configurations, but also reveals correlations between weights and potential multi-
modality of the solution space. From now on, this eventual multimodality, if it ex-
ists, cannot be observed, as the only law studied from weight is a customary normal
truncated law [16]. Future work will focus on better exploiting additional informa-
tion, for instance, to learn more about the impact of each transition in the net, to
detect alternative stochastic behaviours consistent with the observed log, or to ini-
tialise and guide other optimisation procedures.

Exact computation of a stochastic process tree language. The indirect discov-
ery of sPTs currently relies on a simulation-based optimisation procedure. We argue
that such an optimisation process would benefit from an exact computation of the
stochastic language rather than a sampled approximation, as this would provide
a more precise guidance to the solver in identifying optimal parameter values. We
are therefore working on a traversal procedure for sPTs that enables the exact com-
putation of their stochastic language. However, the high combinatorial complexity
induced by concurrency and loops, resulting in a potentially vast number of possible
traces, makes this task particularly challenging. For this reason, the procedure must
initially remain log-driven, similarly to the unfolding approach described in Chap-
ter 3. The envisioned method follows a bottom-up strategy in which each subtree
recursively generates only the subset of traces necessary for the root to reconstruct
the stochastic language restricted to those observed in the log. Significant difficul-
ties arise with intricate structures that combine multiple loops and concurrency,
as identifying the relevant traces without resorting to brute-force enumeration re-
mains highly challenging, yet necessary to keep computation times reasonable.

Translation of sPTs into stochastic workflow nets. The current outcome of the
stochastic discovery method described in Chapter 6 is an optimised sPT. However,
at present, we lack a systematic way to translate the semantics of sPT operators
into a more widely implemented formalism, such as SWNs. First, we are actively in-
vestigating a stochastic extension of the mapping between process trees and work-
flow nets introduced initially in the Inductive Miner paper [49], to enable the au-
tomatic generation of an equivalent SWN from a given sPT. Preliminary attempts
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have shown that this translation is far from trivial and may even be impossible in
general, as preserving the exact stochastic semantics would require finding a consis-
tent mapping between the probability parameters of the tree nodes and the weight
parameters of the transitions. Achieving such equivalence might further necessi-
tate structural adaptations of the resulting workflow net to reproduce the semantics
of the original sPT faithfully. Second, we are working on the formal translation of
the sPT formalism into languages commonly used in the probabilistic model check-
ing domain, such as the PEPA process algebra [37] and the Reactive Modules lan-
guage [7]. Both are supported by the PRISM model checker [43] and allow for high-
level specifications of Markov chains. This translation would enable the expressive
and rigorous formal analysis of sPT models using (stochastic) temporal logic prop-
erties.

In conclusion, stochasticity in process behaviour is essential to extend the reach
of process mining beyond its current boundaries. It extends the expressive power of
models, enabling a more faithful and nuanced representation of real-world dynam-
ics. At the same time, it naturally leads to the exploration of another fundamental
and even more intricate aspect of reality: the temporal dimension. So far, times-
tamps in event logs have mainly been used within structural discovery approaches
to determine the execution order of activities within traces. However, this temporal
information can be exploited far beyond ordering and can be used to model and
analyse the waiting times between activities, providing insights into process perfor-
mance and resource behaviour. Incorporating time as an explicit quantitative di-
mension would open the door to predictive analyses, such as estimating remaining
processing times, identifying bottlenecks, and forecasting process outcomes. Bring-
ing stochastic and temporal perspectives together thus represents a promising next
step toward more realistic and expressive process mining models. As a future di-
rection, building on early works [73], we plan to explore the problem of explicitly
modelling time within process models further. This involves extending existing for-
malisms, such as sWNs and sPTs, with temporal parameters, and leveraging our
optimisation-based discovery methods to estimate those time-related parameters
so that they best fit the event log, ultimately capturing more of the fundamental
dynamics embedded in the data.
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Chapter 8

French Summary

Avec le temps, les données sont devenues une composante de plus en plus cen-
trale de notre quotidien, contribuant a fagonner la maniére dont nous comprenons,
analysons et améliorons des systemes complexes. Chaque événement, qu'il soit
déclenché par une interaction délibérée ou qu'il survienne spontanément, consti-
tue un fragment d'histoire qui, une fois assemblé, permet de révéler la dynamique
sous-jacente des systemes observés. La reconstruction et I'analyse de ces histoires
se situent au cceur de la science moderne fondée sur les données. Le process mi-
ning [74] est un domaine de recherche qui vise a extraire des connaissances perti-
nentes a partir de ces fragments. Il propose des méthodes permettant de collecter
et de structurer l'information, de reconnaitre des motifs de comportement et, fina-
lement, de construire des modeles concis et interprétables capables de capturer les
caractéristiques essentielles d'un processus dans son ensemble. A partir de ces re-
présentations, il devient possible d’exploiter les expériences passées afin de prédire
et d'améliorer le fonctionnement futur de ces systémes.

Au-dela de la description structurelle des processus, un défi plus subtil et de
plus en plus important du process mining réside dans I'exploitation de l'information
stochastique naturellement contenue dans les données [48]. Cette information pro-
babiliste reflete la vraisemblance d'observer certains comportements au cours de
I'exécution du systeme. Lorsqu’elle est correctement modélisée, elle ouvre une nou-
velle dimension d'analyse et peut influencer de maniére significative les enseigne-
ments tirés par les analystes de processus et les experts métier. Bien que I'utilisa-
tion de modeles stochastiques en process mining ne soit pas nouvelle, le développe-
ment d'approches efficaces de découverte de processus stochastiques, capables de
produire des modeles reproduisant fidelement le caractére stochastique du jour-
nal considéré, demeure a ce jour une branche de recherche relativement jeune.
Elle suscite toutefois un intérét croissant au sein de la communauté et est aujour-
d’hui identifiée comme un défi majeur du domaine [3]. La difficulté de la découverte
d’'un processus stochastique réside dans le fait que les modeles résultants doivent
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non seulement étre capables de reproduire les exécutions observées, c'est-a-dire
I'ordre dans lequel les événements se sont produits, mais également les probabili-
tés avec lesquelles elles ont été observées. Etant donné que plusieurs paramétres
probabilistes caractérisent les modéles de processus stochastiques et influencent
la vraisemblance des exécutions qu'ils générent, la découverte d'un processus sto-
chastique implique, entre autres, la détermination de valeurs optimales pour ces
parameétres au regard d'un critere de conformité stochastique donné.

Cette these s'intéresse ainsi au probléme de l'extraction d'un modéle stochas-
tique capable de reproduire de maniére optimale le caractére stochastique des sys-
témes étudiés.

8.1 Processus et Process Mining

Un processus métier [44] est constitué d'un ensemble d'activités visant a at-
teindre un objectif organisationnel spécifique. La compréhension des processus
métier est cruciale pour les organisations a plusieurs titres : d'une part, pour ob-
tenir une description formelle de processus souvent peu ou pas documentés, et
d'autre part, pour exploiter les modeéles de processus obtenus afin de surveiller,
analyser et éventuellement améliorer le processus étudié.

Au coeur du process mining se trouve le journal d'événements, qui fournit les
données observationnelles brutes décrivant la maniére dont les processus se dé-
roulent et interagissent au sein de systémes réels. La transformation de ces jour-
naux en représentations pertinentes, capables de soutenir la compréhension, le
diagnosticet'amélioration des processus, nécessite des méthodologies rigoureuses
et bien définies. Le process mining répond a ce défi en exploitant ces collections
d'événements afin de mettre en évidence la structure et le comportement sous-
jacents des processus métier.

Les techniques de process mining sont généralement classées en trois grandes
catégories [2] :

* La découverte de processus (process discovery), qui consiste a générer automa-
tiquement un modele de processus a partir d'un journal d'événements, sans
s'appuyer sur un modele préexistant;

* La vérification de conformité (conformance checking), qui compare un journal
d'événements a un modéle de processus existant afin d'évaluer dans quelle
mesure le comportement observé est conforme au modéle ou s'en écarte.
Elle fournit des diagnostics permettant d'identifier les comportements ou ac-
tivités non conformes et peut quantifier le degré de similarité entre le journal
et le modeéle a l'aide de plusieurs métriques, telles que l'adéquation (fitness)
ou la précision (precision) [24, 4];

* L'enrichissement (enhancement), qui vise a affiner ou étendre un modele de
processus existant eny intégrant des perspectives supplémentaires extraites
du journal. Cela inclut notamment I'enrichissement du modele par des indica-
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teurs de performance (par exemple, les goulets d'étranglement ou les temps
d’attente), des informations relatives aux ressources, ainsi que 'amélioration
de ses capacités descriptives et prédictives [75, 74].

8.1.1 Les journaux d’événements : une unité fondamen-
tale pour la capture de I'information dans les proces-
sus métier

En pratique, un journal d'événements [74] est représenté comme une collection
d'événements, ou chaque événement capture une interaction entre le systéeme et
son environnement. |l spécifie généralement l'activité réalisée, son horodatage, les
ressources impliquées, ainsi que des informations contextuelles supplémentaires.
L'environnement peut inclure aussi bien des acteurs humains (par exemple, des
employés traitant des dossiers ou des patients suivant des procédures) que des
composants automatiseés tels que des capteurs, des machines ou des services logi-
ciels.

Ce qui est particulierement pertinent pour la découverte, I'évaluation et I'enri-
chissement des processus décrits par un journal d'événements est de considérer les
exécutions observées du processus comme un ensemble de traces. Chaque trace
correspond a une séquence d'événements horodatés décrivant I'évolution d'un cas
unique. Etant donné qu’'une méme séquence d'activités peut se produire dans plu-
sieurs cas, un journal d'événements peut contenir plusieurs occurrences de traces
identiques. La fréquence associée a chaque trace quantifie le nombre de fois ou une
séquence d'actions donnée est observée et refléte ainsi la vraisemblance du com-
portement correspondant au sein du processus. L'ensemble des traces, conjointe-
ment a leurs fréquences, constitue un langage décrivant les comportements en-
registrés dans le journal d'événements. Dans le méme esprit, en normalisant les
fréquences des traces, on obtient une distribution de vraisemblance empirique sur
'ensemble des traces, donnant naissance a un langage stochastique. En parcourant
I'intégralité du journal, il est alors possible d'extraire chaque séquence d'activités
distincte et d'associer a chacune le nombre de fois ou un cas est apparu.

8.1.2 Modéle de processus : une représentation compacte
et exploitable des processus métier

Selon l'approche et l'objectif retenus, le modéle de processus issu d'un journal
d'événements peut prendre différentes formes, allant d'objets mathématiques, tels
que des systemes de transition comme les automates ou les réseaux de Petri[41], a
des représentations graphiques plus globales et orientées expertise, comme les dia-
grammes UML[68]. lls peuvent également se présenter sous la forme de contraintes
déclaratives définies sur les relations entre activités [56]. Quel que soit le forma-
lisme considéré, tous les modeles de processus partagent un objectif fondamen-
tal commun : fournir une représentation compacte, structurée et interprétable du
comportement observé dans le processus. lIs décrivent la maniére dont les activités
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du journal sont liées entre elles, capturant ainsi le flot de contrdle et, dans certains
cas, les perspectives liées aux données et aux ressources du processus.

Les réseaux de Petri constituent en particulier un formalisme de modélisation
des processus particulierement puissant, offrant une expressivité notable pour re-
présenter les conflits et la concurrence [1]. Un réseau de Petri est composé d'un en-
semble de transitions, étiquetées par des activités issues du journal d'événements,
dont le tirage représente I'occurrence de l'activité correspondante dans le systeme.
Les transitions sont entourées de places, qui contiennent des jetons et sont reliées
aux transitions par des arcs. L'ensemble formé par les places, les transitions et les
arcs définit les relations causales et conditionnelles qui gouvernent quand et com-
ment les transitions peuvent se déclencher, permettant ainsi de capturer 'ensemble
des comportements dynamiques que le processus peut produire. La définition for-
melle et la sémantique des réseaux de Petri sont détaillées au Chapitre 2. La struc-
ture des réseaux de Petri est naturellement définie de maniere a pouvoir étre éten-
due a des dimensions stochastiques. Lorsque des transitions sont en conflit, 'affec-
tation de parameétres de poids permet de spécifier leur vraisemblance. En combi-
nant les probabilités des transitions impliquées dans une exécution donnée, il est
alors possible de dériver la vraisemblance du comportement correspondant.

8.2 Objectifs de recherche et problématique

Le probleme central abordé dans cette these est la découverte automatique de
modeles de processus qui soient non seulement structurellement corrects, mais
également stochastiquement fideles. Cela implique la définition de formalismes
de modélisation appropriés, le développement d'algorithmes efficaces permettant
d'extraire a la fois la structure et les probabilités d'un modele stochastique, la concep-
tion de techniques d'évaluation de la conformité, et enfin la mise au point de pro-
cédures permettant la découverte effective de tels modéles en pratique.

8.2.1 Motivation

Comme discuté précédemment, 'aspect stochastique d’'un processus peut ré-
véler des informations cruciales sur le fonctionnement du systéeme étudié. L'inter-
prétation de ces informations dépend du domaine d’application, mais, de maniére
générale, les données stochastiques mettent en évidence les comportements les
plus probables ainsi que ceux qui sont plus rares ou exceptionnels.

A un premier niveau d'analyse, cela permet d'évaluer si les traces les plus pro-
bables correspondent aux comportements attendus et souhaitables du systeme et
de son environnement, et si les traces les moins probables refletent des exceptions
rares mais valides, ou au contraire du bruit ou des anomalies présentes dans le jour-
nal [15, 40]. A un niveau d'analyse plus approfondi, ces informations peuvent éga-
lement aider a isoler certaines composantes du systeme, telles que les ressources
humaines ou matérielles qui sont surutilisées, sous-utilisées ou inutilisées [35].
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8.2.2 Questions de recherche

Cette these s'attaque a plusieurs défis majeurs liés a la découverte de modeles
de processus stochastiques capables de reproduire de maniére précise et efficace
les comportements observés, dans le cadre d'approches indirectes d’estimation de
parametres et de stratégies d'inférence bayésienne. Pour répondre a ces questions,
nous proposons des méthodes combinant analyse de modéles, techniques d'opti-
misation et inférence statistique, afin de mettre au jour la nature probabiliste des
processus a partir de données événementielles.

(Q1) Etant donné un modéle de processus stochastique, est-il possible de
calculer, exactement ou approximativement, 'ensemble des traces qu'il
peut générer ainsi que leurs probabilités associées?

De nombreuses applications requiérent une extraction rapide et précise du com-
portement d'un modele de processus découvert. L'usage le plus immédiat consiste
a évaluer la conformité du modele par rapport au journal d'événements original.
Une seconde motivation concerne I'amélioration du modele, ou I'objectif est d'ac-
croitre son alignement avec le journal observé. Au-dela de la conformité et de I'amé-
lioration, I'extraction du comportement probabiliste d'un modéle est également un
prérequis pour des taches telles que la prédiction de performances, I'analyse des
ressources ou I'évaluation des risques. Dans I'ensemble de ces contextes, il est né-
cessaire de disposer de procédures efficaces permettant de calculer le comporte-
ment probabiliste du modele, c'est-a-dire les probabilités qu'il assigne a des en-
sembles de traces. Selon le cadre applicatif, ces calculs peuvent étre exacts, lorsque
I'on exige une précision compléte, ou approximatifs, lorsque 'on doit évaluer rapi-
dement un grand nombre de modéles candidats. Nous explorons ces deux possi-
bilités :

* Méthodes exactes. Nous définissons une exploration par dépliage de 'espace d'états
du modéle stochastique, guidée par le journal. Cette procédure identifie et ex-
plore systématiquement les branches du modele capables de générer les traces
observées dans le journal, tout en conservant les probabilités cumulées asso-
ciées a chaque chemin du modéle.

« Méthodes approximatives. Nous proposons une approche approximative fondée
sur la simulation de modéles, guidée par des logiques d'automates hybrides.
Cette approche consiste a échantillonner un grand nombre d’exécutions du mo-
dele et a les utiliser pour approximer son comportement stochastique.

Ces deux méthodes sont intégrées dans un cadre itératif spécifique de découverte
stochastique, adapté a la stratégie retenue.

(Q2) Etantdonné un modéle stochastique paramétré, peut-on concevoir une
procédure permettant d'identifier les paramétres stochastiques opti-
maux (au sens d'une mesure de conformité stochastique choisie) cor-
respondant au comportement observé dans le journal?
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Dans une approche indirecte de la découverte de processus stochastiques, on part
d'un modele de flot de contréle et I'on calibre ses parametres stochastiques (par
exemple les probabilités de branchement ou les poids de transition) de maniére a
ce que le comportement probabiliste induit par le modeéle s'aligne sur la distribution
empirique observée dans le journal d'événements. Nous étudions deux stratégies
itératives complémentaires :

* Estimation de paramétres par optimisation. Nous définissons une fonction objec-
tif permettant de quantifier la divergence entre le modéle et le journal a l'aide
de métriques de conformité stochastique, puis utilisons des techniques d'opti-
misation pour minimiser cette divergence. Des solveurs basés sur la descente de
gradient ainsi que des solveurs sans gradient sont considéreés.

* Inférence bayésienne fondée sur la simulation. Nous adoptons une procédure de
calcul bayésien approximatif (ABC-SMC) afin de construire des distributions a
posteriori sur les parametres stochastiques du modele. Les valeurs des para-
metres sont échantillonnées de maniére itérative par simulation des exécutions
du modéle, et seules celles atteignant un niveau de conformité suffisamment
proche du journal sont conservées, selon un schéma de tolérance progressive-
ment décroissant.

Ces deux stratégies offrent des moyens complémentaires de calibrer des modeles
de processus stochastiques : les approches fondées sur I'optimisation visent des es-
timations ponctuelles efficaces des parameétres, tandis que l'inférence bayésienne
fournit des distributions a posteriori completes, au prix d'un colt computationnel
plus élevé.

(Q3) Peut-on étendre des modeles de processus hiérarchiques, tels que les
arbres de processus, avec une sémantique stochastique capable de cap-
turer fidélement le comportement probabiliste observé dans les jour-
naux d'événements?

Au-dela du calibrage de parameétres stochastiques sur un réseau de Petri donné,
nous cherchons un formalisme de modélisation alternatif qui soit a la fois décou-
vrable a partir des journaux et exploitable pour I'analyse quantitative. Les réseaux
de Petristochastiques classiques offrent une sémantique rigoureuse, mais souffrent
souvent d'ambiguités structurelles et de difficultés d'identifiabilité des parametres
lorsqu'ils sont utilisés dans un contexte de découverte. Pour surmonter ces limi-
tations, nous postulons que les arbres de processus stochastiques constituent une
représentation appropriée. Un arbres de processus stochastiques étend le forma-
lisme bien établi des arbres de processus [49] en y associant des annotations pro-
babilistes sur les opérateurs de flot de contréle tels que la séquence, le choix, le
paralléle et la boucle. Chaque opérateur est muni de parametres définissant la
vraisemblance des chemins alternatifs, la distribution des entrelacements concur-
rents ou encore le nombre attendu d'itérations des boucles. La sémantique des
arbres est compositionnelle, ce qui signifie que le comportement stochastique d'un
modele complexe est entierement déterminé par le comportement de ses sous-
composants, combinés selon leurs opérateurs respectifs. Comparés a d'autres mo-

162



déles stochastiques, les arbres réduisent 'ambiguité structurelle, en évitant I'exis-
tence de plusieurs modeéles distincts générant le méme comportement, et amé-
liorent I'identifiabilité des parametres en rendant les choix probabilistes explicites
dans la syntaxe du modele. lls offrent ainsi un cadre unifié dans lequel la structure
peut étre directement découverte a partir des journaux, les paramétres calibrés, et
le modéle résultant analysé a la fois qualitativement et quantitativement.

8.3 Contributions de la these

La capacité a prendre en compte la nature probabiliste d'un processus réel est
d’'une importance primordiale dans le domaine du process mining, en particulier
lorsque I'analyse quantitative des métriques de performance constitue un élément
clé de la validation d'un processus. Si la découverte classique de processus s'est
révélée étre une réussite notable, donnant lieu a de nombreuses méthodes effi-
caces [/1, 86, 49, 76] capables d'extraire des modeles capturant les aspects de flot
de contrdle présents dans les exécutions observées d'un processus, elle montre
en revanche des limites intrinseques des lors que I'on considére la dimension sto-
chastique du phénomeéne. Cette insuffisance a conduit a un intérét croissant de la
communauté de recherche pour les extensions stochastiques du probleme de dé-
couverte de processus, avec plusieurs contributions proposées ces derniéres an-
nées[21,22,17,45]. Prendre en compte la dimension probabiliste d'un journal re-
vient a dériver un modele stochastique capable de reproduire de maniere fiable
non seulement les aspects de flot de contrdle des traces observées, mais égale-
ment les probabilités avec lesquelles elles ont été observées. Indépendamment du
formalisme considéré, les modeles de processus stochastiques sont caractérisés
par un vecteur de parametres qui influence leur comportement stochastique; plus
concretement, ces parametres gouvernent la maniere dont la masse de probabilité
est distribuée sur les mots du langage qu'ils générent.

Dans ce contexte, en supposant qu'un modéle de flot de contréle soit donné, le
coeur du probléme de la découverte de processus stochastiques consiste a identi-
fier des parametres optimaux tels que I'extension stochastique correspondante du
modele distribue la masse de probabilité sur les mots qu’elle génére de maniere si-
milaire a la distribution de probabilité observée sur les traces du journal. Autrement
dit, la découverte de processus stochastiques se raméne a un probléme d'optimi-
sation fondé sur une fonction objectif mesurant la similarité entre des distributions
de probabilité discretes, comme par exemple la distance de Earth Mover’s [52, 53] ou
la pertinence entropique [63, 46, 5]. La découverte de parameétres optimaux pour
un modele de processus stochastique est entravée par deux obstacles corrélés qui
affectent fortement la complexité de la tache : la détermination du langage stochas-
tique du modéle et la dimension de I'espace des parameétres (c'est-a-dire le nombre
de parametres du modele). En effet, plus le modéle est complexe, plus I'espace des
parametres est grand et plus il est difficile d'évaluer le langage qu'il induit.

Dans l'objectif de contribuer aux avancées dans la résolution du probléme de
la découverte de processus stochastiques, cette these présente un ensemble de
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contributions visant a traiter les principaux obstacles qui en compromettent la ré-
solution. Plus précisément :

Calcul exact du langage d'un réseau de Petri stochastique. Dans le cadre des ré-
seaux de Petri stochastiques, qui constituent sans doute la classe de modéles la plus
utilisée en process mining, nous avons introduit une méthode permettant de calcu-
ler exactement la probabilité des traces émises par une instance de réseau stochas-
tique (c'est-a-dire un réseau muni d'un vecteur de poids spécifique pour ses transi-
tions). Cette approche repose sur un parcours en largeur du graphe d'atteignabilité
du réseau et permet ainsi de déplier exhaustivement toutes les traces générées
par le modéle, tout en propageant de maniere incrémentale le calcul numérique de
leur probabilité au fur et a mesure du dépliage. Afin de garantir la terminaison, la
méthode proposée peut étre adaptée pour prendre en compte différents criteres
d'arrét, par exemple en interrompant le dépliage dés que la masse de probabilité
des traces actuellement dépliées atteint une borne inférieure donnée. Dans notre
implémentation, supposant que la procédure opére sur des modeles parfaitement
conformes, nous avons choisi d'arréter le dépliage dés que I'ensemble des traces
du journal a été exploré.

Ainsi, en pratique, étant donné un journal, un modéle de réseau de Petri par-
faitement ajusté dérivé de ce journal et un vecteur de poids spécifique pour les
transitions du modéle, nous avons établi un cadre computationnel permettant de
calculer la probabilité exacte avec laquelle les traces du journal apparaissent dans
le modele. Il convient de noter que, dans la plupart des cas, la somme des probabi-
lités associées aux traces du journal dans le modele n'est pas égale a 1; une étape
de normalisation est donc nécessaire afin d'intégrer ces résultats dans un cadre
d’'optimisation. Le principal avantage de cette méthode est que, contrairement aux
approches visant a dériver des expressions symboliques pour la probabilité des
transitions [45], qui souffrent de sérieux problémes de passage a I'échelle, elle s'est
révélée efficace sur des modeles extraits de journaux de référence couramment
utilisés.

Afin d'améliorer encore l'efficacité, nous avons ensuite développé une procé-
dure de dépliage enrichie dans laquelle, plutdt que de stocker les valeurs numé-
riques des probabilités associées a chaque trace, nous stockons la fonction (dépen-
dant des parametres de poids) permettant de calculer cette probabilité pour un
vecteur de poids donné. Cela permet d'éviter de répéter le dépliage lors de I'évalua-
tion des probabilités des traces pour différents vecteurs de paramétres. Une fois le
graphe d'atteignabilité construit pour un modele donné, il peut étre réutilisé pour
extraire le langage induit par n'importe quel vecteur de poids, tout en évitant des
calculs redondants grace a la mémoisation. Malgré ce gain substantiel en efficacité
computationnelle, le principal inconvénient de I'approche par dépliage demeure sa
complexité spatiale, car la taille du graphe d'atteignabilité peut exploser en fonction
des caractéristiques du journal (et donc de la structure du modele), ce qui limite I'ap-
plicabilité de la méthode a des modeles complexes qui présententun grand nombre
d'états.
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Découverte de poids optimaux pour un modéle de réseaux de Petri stochas-
tique. En nous appuyant sur le calcul exact du langage d'un réseau de Petri sto-
chastique, nous avons ensuite défini un cadre permettant de découvrir des poids
optimaux pour un modéle donné. A cette fin, nous avons considéré deux types de
fonctions objectif. La premiére est une version personnalisée de la distance de Earth
Mover’s, que nous avons nommée distance de Earth Mover’s restreinte, car elle ne
prend en compte que l'intersection entre les traces du modele et celles du journal
lors du calcul de la quantité minimale de masse de probabilité a déplacer. La se-
conde est une fonction différentiable, la fonction de log-vraisemblance, dérivée de
I'estimation du maximum de vraisemblance, qui évalue la probabilité que le modeéle
génere le journal d'événements observé.

Le schéma d'optimisation repose a la fois sur des solveurs basés sur la des-
cente de gradient et sur des solveurs sans gradient afin d'explorer I'espace des pa-
rametres et d'affiner le vecteur de poids associé au réseau de Petri stochastique,
dans le but de minimiser 'une des métriques considérées. A chaque itération, le
solveur propose un nouveau vecteur de poids et la conformité du modele est éva-
luée en appliquant la procédure de dépliage.

Inférence des poids optimaux d'un réseau de Petri stochastique par simula-
tion. Afin de dépasser les limites liées au colt potentiel des calculs numériques
exacts du langage d'un réseau, nous avons envisagé une alternative fondée sur la
simulation. Classiquement, l'intérét des approches par simulation réside dans la
possibilité d'échanger précision contre temps de calcul. Dans cette optique, nous
avons introduit une nouvelle méthode reposant sur la vérification statistique de
modeles, permettant d'obtenir une approximation arbitrairement précise des pro-
babilités des traces générées par un réseau de Petri stochastique. Cette approxi-
mation est ensuite combinée a un schéma d'inférence bayésienne des parametres,
permettant une exploration efficace de I'espace des paramétres guidée par un cri-
tére de conformité stochastique donné.

Nous avons validé cette approche au moyen d'expériences menées sur des jour-
naux de référence, montrant que, pour plusieurs journaux, elle surpasse la mé-
thode d'optimisation fondée sur le calcul exact, en identifiant des poids de transi-
tion conduisant a une distance de conformité plus faible, pour un temps de calcul
comparable.

Réduction de la dimension de I'espace des paramétres par le formalisme des
arbres de processus stochastiques. Un aspect critique des modeles de réseaux
de Petri découverts a partir d'un journal est que, du fait de la stratégie de décou-
verte employée, ils contiennent souvent de nombreuses transitions silencieuses re-
dondantes. Ces transitions peuvent étre considérées comme redondantes dans la
mesure ou, bien qu’elles jouent un réle dans la reproduction du flot de contréle des
traces du journal, elles induisent également un nombre potentiellement élevé d'en-
trelacements pour une méme trace générée par le réseau (c'est-a-dire qu'il peut
exister plusieurs facons distinctes pour le modéle de produire une méme trace).
C'est notamment le cas des réseaux générés par l'algorithme Inductive Miner, qui
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résultent d'une étape de traduction d’'un arbre de processus découvert vers un ré-
seau de Petri équivalent.

Pour atténuer cette limitation, nous avons introduit I'extension stochastique des
arbres de processus, qui constitue le formalisme source a partir duquel les réseaux
de Petri sont dérivés dans I'lnductive Miner. Les arbres de processus stochastiques
présentent un double avantage. D'une part, ils réduisent le nombre de parametres
dont dépendent les modeles, ce qui est clairement bénéfique pour la recherche
de parametres optimaux, et d'autre part, et plus important encore, ils éliminent
'ambiguité liée aux transitions silencieuses redondantes des réseaux de Petri.

A partir de la formalisation de la syntaxe et de la sémantique des arbres de pro-
cessus stochastiques, nous avons défini une procédure de simulation stochastique
permettant d'échantillonner des traces générées par un modele d'arbre. Sur cette
base, nous avons développé un moteur fondé sur la simulation pour la découverte
de parametres optimaux d'un modéle d’arbres de processus stochastique.

8.4 Perspectives

Malgré les avancées significatives que représentent les contributions présen-
tées ci-dessus pour la découverte de processus stochastiques, plusieurs extensions
et questions ouvertes méritent d'étre envisagées dans le cadre de travaux futurs.

Extension de I'évaluation expérimentale. Une direction relativement naturelle
pour des travaux futurs consiste a élargir I'évaluation expérimentale de I'ensemble
des méthodes proposées a un corpus plus vaste et plus diversifié de journaux d'éveé-
nements, variant en taille et en complexité. Nous souhaitons également évaluer le
comportement de nos approches sur des études de cas réelles spécifiques, ainsi
que sur des journaux synthétiques volontairement congus pour exhiber des com-
portements atypiques ou difficiles, tels que des boucles profondément imbriquées,
des motifs de concurrence complexes ou des traces exceptionnelles rares. De telles
expérimentations permettraient d'identifier des limitations qui ne peuvent pas étre
mises en évidence a partir du jeu de benchmarks actuellement considéré.

Exploration de mesures alternatives de conformité stochastique. Dans le méme
esprit, nous envisageons d'étendre nos méthodes afin de prendre en charge d’autres
mesures de conformité et de distance stochastiques, telles que la pertinence entro-
pique [46], qui s'est imposée comme l'une des approches les plus efficaces et les
plus largement adoptées pour quantifier la similarité entre langages stochastiques.

Gestion des transitions silencieuses dans le dépliage des réseaux de Petri sto-
chastique. Tout au long de ce travail, 'un des défis majeurs rencontrés lors de la
manipulation des réseaux de Petri concerne la présence de transitions silencieuses.
Les inconvénients induits par ces transitions ont d'ailleurs constitué la motivation
initiale nous ayant conduit a explorer le formalisme des abres de processus. Dans le
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cadre de la procédure de dépliage décrite au Chapitre 3, les transitions silencieuses
sont la principale cause de la croissance exponentielle de la taille du graphe d'attei-
gnabilité généré et exploré.

A court terme, nous étudions des améliorations de la procédure de dépliage vi-
sant a « supprimer le silence » du graphe d'atteignabilité du réseau. L'idée consiste
a dériver, a partir du graphe d'atteignabilité annoté par des probabilités, un graphe
réduit, dans lequel les comportements silencieux redondants seraient éliminés. Dans
un second temps, nous prévoyons de représenter le graphe d'atteignabilité sous
la forme d'une matrice de transition stochastique capturant la vraisemblance des
passages entre marquages, puis d'appliquer une décomposition matricielle afin de
séparer la contribution de chaque transition. Une telle approche permettrait de me-
surer précisément l'influence des transitions silencieuses sur le comportement sto-
chastique global du réseau, et ainsi de les traiter de maniére plus efficace.

Exploitation approfondie de la distribution marginale a posteriori issue de
I'’ABC-SMC. La majorité des méthodes indirectes de découverte stochastique sont
congues pour retourner un unique optimum local dans I'espace des parametres
stochastiques, offrant ainsi une vision limitée du paysage global des solutions pos-
sibles. A l'inverse, 'approche ABC-SMC fournit un résultat bien plus riche, en pro-
duisant une approximation de la distribution a posteriori compléte des paramétres
de poids. A ce stade, nous n'exploitons toutefois qu'une fraction limitée de cette
information lors de la découverte.

Cette distribution a posteriori permet non seulement d'identifier des régions
de forte probabilité correspondant a des configurations de paramétres quasi op-
timales, mais également de révéler des corrélations entre les poids ainsi qu'une
éventuelle multimodalité de I'espace des solutions. A I'heure actuelle, cette multi-
modalité potentielle, lorsqu’elle existe, ne peut pas étre observée, car la seule loi
étudiée pour les poids est une loi normale tronquée classique [16]. Des travaux fu-
turs viseront a exploiter plus finement cette information, par exemple pour mieux
comprendre I'impact de chaque transition du réseau, détecter des comportements
stochastiques alternatifs compatibles avec le journal observé, ou encore initialiser
et guider d'autres procédures d’optimisation.

Calcul exact du langage d’'un arbre de processus stochastique. La découverte
indirecte d'arbres de processus stochastique repose actuellement sur une procé-
dure d'optimisation fondée sur la simulation. Nous soutenons qu'un tel processus
d’'optimisation bénéficierait d'un calcul exact du langage stochastique, plutdt que
d’'une approximation par échantillonnage, car cela fournirait au solveur un guidage
plus précis pour identifier des valeurs optimales des parametres. Nous travaillons
donc a la définition d'une procédure de parcours des arbres permettant le calcul
exact de leur langage stochastique.

Traduction des arbres de processus stochastique en réseaux de Petri stochas-
tiques. Le résultat actuel de la méthode de découverte stochastique décrite au Cha-
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pitre 6 est un arbre de processus stochastique optimisé. Toutefois, nous ne dispo-
sons pas encore d'une méthode systématique permettant de traduire la séman-
tique des opérateurs d'un arbre vers un formalisme plus largement implémenté,
tel que les réseaux de Petri stochastique.

Dans un premier temps, nous étudions activement une extension stochastique
du mappage entre arbres de processus et réseaux de Petri initialement introduit
dans l'article fondateur de I'lnductive Miner [49], afin de permettre la génération au-
tomatique d'un réseaux stochastique équivalent a partir d'un arbres stochastique
donné. Des tentatives préliminaires ont montré que cette traduction est loin d'étre
triviale, voire potentiellement impossible dans le cas général, car préserver exacte-
ment la sémantique stochastique nécessiterait d'établir une correspondance cohé-
rente entre les parametres probabilistes des nceuds de I'arbre et les parametres de
poids des transitions du réseau. Atteindre une telle équivalence pourrait en outre
requérir des adaptations structurelles du réseau résultant afin de reproduire fide-
lement la sémantique de l'arbre d'origine.

Dans un second temps, nous travaillons a la traduction formelle du formalisme
des abres de processus stochatique vers des langages couramment utilisés en véri-
fication probabiliste de modeles, tels que I'algebre de processus PEPA [37] et le lan-
gage des Reactive Modules [7]. Ces deux langages sont supportés par le vérificateur
de modeles PRISM [43] et permettent des spécifications de haut niveau de chaines
de Markov. Une telle traduction ouvrirait la voie a une analyse formelle expressive
et rigoureuse des modeles d'arbres a l'aide de propriétés de logique temporelle
(stochastique).

8.5 Conclusion

En conclusion, la prise en compte de la stochasticité dans le comportement des
processus est essentielle pour étendre le champ d’application du process mining au-
dela de ses limites actuelles. Elle accroit le pouvoir expressif des modeles et permet
une représentation plus fidele et plus nuancée des dynamiques du monde réel.
Dans le méme temps, elle conduit naturellement a I'exploration d'un autre aspect
fondamental, et encore plus complexe, de la réalité : la dimension temporelle.

Jusqu'a présent, les horodatages présents dans les journaux d'événements ont
principalement été exploités dans les approches de découverte structurelle afin de
déterminer l'ordre d'exécution des activités au sein des traces. Cependant, cette
information temporelle peut étre utilisée bien au-dela de la simple notion d’ordon-
nancement, notamment pour modéliser et analyser les temps d'attente entre les
activités, offrant ainsi des perspectives précieuses sur la performance des proces-
sus et le comportement des ressources. L'intégration explicite du temps comme di-
mension quantitative ouvriraitla voie a des analyses prédictives avancées, telles que
I'estimation des temps de traitement restants, l'identification de goulets d'étrangle-
ment ou encore la prévision de l'issue des processus.
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La combinaison des perspectives stochastique et temporelle constitue ainsi une
étape prometteuse vers des modeles de process mining plus réalistes et plus expres-
sifs. Dans cette optique, et en s'appuyant sur des travaux précurseurs [/3], nous
envisageons comme perspective future I'étude approfondie de la modélisation ex-
plicite du temps au sein des modeles de processus. Cela implique I'extension de
formalismes existants, tels que les réseaux de Petri et les arbres de processus, par
I'introduction de parameétres temporels, ainsi que I'exploitation de nos méthodes de
découverte fondées sur l'optimisation afin d’'estimer ces paramétres temporels de
maniere a ce qu'ils s'ajustent au mieux au journal d'événements, permettant ainsi
de capturer une part encore plus riche des dynamiques fondamentales contenues
dans les données.
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Appendix A

Second-order derivatives of the
log-likelihood function

Some optimisation methods can benefit from the use of the so-called Hessian ma-
trix, which, in this context, consists of the second-order partial derivatives of the
log-likelihood function with respect to the model parameters. These second deri-
vatives can also be computed during the unfolding by propagating them from the
parent nodes to each node in the structure. Since the Hessian matrix is symmetric,
only n(n + 1)/2 distinct second-order derivatives need to be maintained per node.
As aresult, each node must store its probability, its gradient (first-order derivatives),
and its Hessian entries.

In order to obtain the second-order partial derivatives of the log-likelihood func-
tion with respect to the weights, we calculate the derivative of (4.5) with respect to
Wy, (With 1 < m < n)as

k
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where, other than the probability, the derivatives and the partial derivatives of the
parent nodes, we have the terms
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given in (4.6), and
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final_KLD

Appendix B

Additional Optimisation
Consistency Experiments

BPIC13_c (KLD_opt,L-BFGS-B)
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